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About this Module

Numeracy and Development has been produced by Chalimbana University. All Courses produced by Chalimbana University are structured in the same way, using the commonwealth template  as outlined below.

How this Module is structured

The module overviews
The course overview gives you a general introduction to the course. Information contained in the course overview will help you determine:

· If the course is suitable for you.

· What you will already need to know.

· What you can expect from the course.

· How much time you will need to invest to complete the course.

The overview also provides guidance on:

· Study skills.

· Where to get help.

· Course assignments and assessments.

· Activity icons.

· Units.

We strongly recommend that you read the overview carefully before starting your study.

The module contents
The course is broken down into units. Each unit comprises:

· An introduction to the unit content.
· Specific Outcomes
· Unit outcomes.
· Core content of the unit with a variety of learning activities.
· A unit activity.

· A reflection

· A unit summary
Resources
For those interested in learning more on this subject, we provide you with a list of additional resources at the end of this Course; these may be books, articles or websites.

After completing Numeracy and Development, we would appreciate it if you would take a few moments to give us your feedback on any aspect of this course. Your feedback might include comments on:

· Course content and structure.

· Course reading materials and resources.

· Course activities.

· Course/unit summary.

· Course duration.

· Course support (assigned tutors, technical help, etc.)

Your constructive feedback will help us to improve and enhance this course.
Course overview
Welcome to ECND 1101- Numeracy Development 

This course is relevant to all early years practitioners, particularly those working in early childhood classes involved in the transition from foundation level to grade four (3-8-years).It comprise the following method and content: History of Early childhood mathematics Education, Development counting and number sense in Early grades, Whole numbers, Number theory, Set theory,Patterns, Functions and Algebra, Development of Geometry and Spatial Sense and Developing the concept of measurement. The module is designed to support the student to develop an appropriate early year’s mathematical methodology and content by suggesting activities, ideas and resources which enhance playful contexts for mathematical learning. It has taken an integrated approach of linking both mathematical methodology and content which is applicable in early childhood curriculum. The module also enables the student to consolidate their own mathematical subject knowledge.   

ECND1101: Numeracy Development  

· Is this course for you?

This course is intended for people who are pursuing a bachelor of early childhood education degree.

.

Course outcomes
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Outcomes
	By the end of the course, students are expected to :

· Plan mathematical work in a logical and clear form using appropriate symbols and terminology.

· demonstrate understanding  of mathematics in real life 

· recognize patterns and structures in a variety of situations. 



	
	

	
	

	
	

	
	


Timeframe
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How long?
	A year comprising three residential

Three (3) weeks of contact sessions

You need three (3) hours for formal study per week and you are expected not to spend less than ten (10) hours per week for self – study.
	


Study skills
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         Study skills
	As an adult learner your approach to learning will be different to that from your school days: you will choose what you want to study, you will have professional and/or personal motivation for doing so and you will most likely be fitting your study activities around other professional or domestic responsibilities.
Essentially you will be taking control of your learning environment. As a consequence, you will need to consider performance issues related to time management, goal setting, stress management, etc. Perhaps you will also need to reacquaint yourself in areas such as essay planning, coping with exams and using the web as a learning resource.

Your most significant considerations will be time and space i.e. the time you dedicate to your learning and the environment in which you engage in that learning.

We recommend that you take time now—before starting your self-study—to familiarize yourself with these issues. There are a number of excellent resources on the web. A few suggested links are:

· http://www.how-to-study.com/ retrieved 15/07/2017
The “How to study” web site is dedicated to study skills resources. You will find links to study preparation (a list of nine essentials for a good study place), taking notes, strategies for reading text books, using reference sources, test anxiety.

· http://www.ucc.vt.edu/stdysk/stdyhlp.html retrieved 15/07/2017
This is the web site of the Virginia Tech, Division of Student Affairs. You will find links to time scheduling (including a “where does time go?” link), a study skill checklist, basic concentration techniques, control of the study environment, note taking, how to read essays for analysis, memory skills (“remembering”).

· http://www.howtostudy.org/resources.php retrieved 15/07/2017
Another “How to study” web site with useful links to time management, efficient reading, questioning/listening/observing skills, getting the most out of doing (“hands-on” learning), memory building, tips for staying motivated, developing a learning plan.

The above links are our suggestions to start you on your way. At the time of writing these web links were active. If you want to look for more go to www.google.com and type “self-study basics”, “self-study tips”, “self-study skills” or similar.


Need help?
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Help
	Mr. Chingi Samuel 

Email:nechingi@yahoo.com

(Mathematics department)

Mobile: +260 977335882

Mrs Gondwe. C
Mobile: +260977423642
Email: getrudegondwe68@yahoo.com
Office: (Rm 5, Block M)

Mr Mulenga George

Mobile: 0977223207
Email :gcmulengachanda@yahoo.com
Office: Mathematic department)
Mrs Zulu H.N

Mobile: 0979093006

(Room 7, Home Economics)

hildanthanizulu@gmail.com


Assignments
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Assignments
	One (1) assignment should be completed as given to you by the Lecturer(s). 

You will be required to submit a research proposal on a topic of your choice.

All assignments shall be submitted electronically through the learning management system. The due dates will be advised accordingly by the Lecturers and they will be posted on the learning management system.




Assessments
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Assessments
	One (1) assignment, one (1) Test, a research proposal and a Final Examination which are Teacher/Lecturer marked assessments.




Assessment

· Continuous Assessment                                         50%
1 assignment and 1 research proposal of equal weight     30%

1 Test                                                                                 20%

Final Exam                                                                         50%
Total                                                                                  100%

Getting around this Course
Margin icons

While working through this Course, you will notice the frequent use of margin icons. These icons serve to “signpost” a particular piece of text, a new task or change in activity; they have been included to help you to find your way around this Course.

A complete icon set is shown below. We suggest that you familiarize yourself with the icons and their meaning before starting your study.
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	Activity
	Assessment
	Assignment
	Casestudy
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	Discussion
	Groupactivity
	Help
	Noteit!
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	Outcomes
	Reading
	Reflection
	Studyskills
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	Summary
	Terminology
	Time
	Tip
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	Computer-BasedLearning
	Audio
	Video
	Feedback
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	Objectives
	Basic Competence
	Answers to Assessments
	


Unit 1

History of early childhood Mathematics Education

Introduction
In this unit, you will learn how early childhood mathematics education has developed, and the effect of some theoretical expectations on mathematics education in early childhood classrooms. You will be able to trace the theoretical assumptions of the following people: Freidrich Frobel, Maria Montessori and their early positive views; Thorndike, Dewey, Jean Piaget and their widespread opposing views with some exceptions; and also other theorists such as Clements & Sarama. Another scholar who profoundly contributed to the field of early learning in mathematics education is Zoltan Dienes.
Upon completion of this unit you will be able to:
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Outcomes
	· Explain the growth of  early childhood  mathematics education

· Discuss implications of philosophical assumptions on mathematics for the young children.

· Distinguish  different theoretical assumptions



Early views

Have you ever thought of Mathematics education for young children also referred to as early childhood mathematics education? The term early mathematics education often refers to instruction for three- to six-year-olds in preschool or kindergarten programs by a teacher or paraprofessional, but this unit  focuses on the mathematical teaching and learning of children from early childhood level to grade four.

Early childhood mathematics education includes other unintended educational media such as television programming, computer programs, websites dedicated to math games, or other forms of training.

 You may find it important to know that prominent scholars such as Clements & Sarama, 2009 researched on Froebel and found out that Frobel’s ultimate goal for educating children was to instill an understanding of the mathematically generated reason underlying creation. Freidrich Froebel built the first kindergarten school in 1837. He contributed to the growth of early childhood mathematics through the development of the curriculum based on Gifts and occupations. Gifts are small manipulative materials for children to handle in prescribed ways, promoting learning about color, shape, counting, measuring, contrasting and comparison while Occupations are objects designed to teach specific skills such as paper weaving, paper folding, paper cutting, sewing, drawing, painting, and clay modeling. 

Another scholar who profoundly contributed to the field of early learning in mathematics education is Zoltan Dienes. Dienes' name is synonymous with the Multi-base blocks (also known as Dienes blocks) which he invented for the teaching of place value. He also is the inventor of Algebraic materials and logic blocks, which sowed the seeds of contemporary uses of manipulative materials in mathematics instruction. 
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Picture1:Chalimbana ECE Demo School 
Widespread opposing views
Over the course of the twentieth century, Thorndike, John Dewey and Jean Piaget came to have doubtful views about the nature of young children’s mathematical ability that focused on what children cannot do. 

One of these researchers by the name of Thorndike (1922) concluded that young children were mathematically incompetent in that little is gained by doing arithmetic before grade 2. What else have you heard about this researcher? 

You might also have heard from scholars such as Balkans (1999) that Thorndike:
1. Supported the social theorists’ assumption that young children started school with no prior mathematical knowledge or experience 

2. Said that limited instruction on the first 10 digits, simple addition and subtraction and recognition of basic shapes was sufficient for the early grades.

3.  Viewed mathematics as a hierarchy of mental behaviors’ or connections that must be carefully sequenced, explicitly taught, and practiced with much repetition in order for learning to occur. 

4.  Contended that the purpose of mathematics education is to help children acquire quick and accurate arithmetic skills that are best learned in a drill and practice manner. 

5.  Pedagogy must emphasize mechanical practice rather than reasonable thinking

6.  Children have no ability to reason about mathematical concepts. 

Activity
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Activity
	Take a moment to attempt the following:

1. Based on the research by Freidrich Froebel and Maria Montessori on the curriculum for young children, do you think the gifts and occupations are used in our Zambian early childhood mathematics classes today? Can you give some examples of these gifts and occupations?

2. How do young children gain mathematical information about the world?

3. How can you help young children gain mathematical information about the world?

4. What is the implication of Thorndike’s theory on mathematics for the young children?

5. Make at-least three teaching materials that will bring out some of the concepts that the early theorists focused on.


Reflection                              
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Reflection
	Now, that we have looked at the founders of early mathematics education and what they thought mathematics for the young children is expected to be, what you could have done best and how could you have done it. How has this unit affected your view of early childhood mathematics?


Unit summary
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Summary
	In this unit you learnt how early childhood mathematics education (ECME) has evolved in different ways across different times. You have looked at theoretical ideas of Froebel, Montessori, Thorndike, Dewey, Piaget and Dienes. You have learnt that (ECME) at times was limited to teaching numbers and simple arithmetic operations and sometimes, it included learning various shapes and patterns. Some theoretical statements placed more emphasis on direct teaching while others let children learn mathematics incidentally.
Piaget, J. (1952).The origins of intelligence in children (Vol.8, No. 5,pp. 18-1952). New York: International Universities Press.

The Psychology of Arithmetic: -1922 Paperback – Jul 24 2009 

by Edward L. (Edward Lee) Thorndike (Author)
Published on Amazon.com

Amazon.UK.C




Unit 2

Developing, Counting and Number Sense in Early Grades 

Introduction

In this unit you will also learn how the concept of number develops and why classification is a requirement for counting, the definition for subitising and how to conduct it and why it is an important step in developing number sense. You will further learn the characteristics that are associated with the different counting stages and how to develop such characteristics by providing age appropriate activities and strategies, age appropriate in the following notions: classification, comparing, ordering, conservation and group recognition, patterns. The unit has also discussed on counting stages, principles, types, strategies, number bench marks, Illustration of zero, the importance of number 5 and 10, cardinal, ordinal and nominal numbers, writing of numerals  and other ways involved in the teaching of numeral writing.
By the end of this unit you will be able to;
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Outcomes
	· distinguish essential pre-number concepts from early number concepts

· describe different ways of counting

· apply effectively communication skills with pupils in your class to facilitate learning of mathematical concepts
· demonstrate how to teach writing of numerals 


Essential Pre-number and early number concepts

What are pre-number and early number concepts? Have you ever heard about pre-number concepts? Can you give examples of pre-number concepts?

Pre-number concepts are used to gain insight into the young child's conception of number. Particular emphasis is placed on how to deal with the development of the mathematical relationships of classification, comparing and ordering and this will be extended to include three other pre number concepts (conservation, group recognition and patterns)   which are essential for developing deeper understanding of early Mathematics amongst young children. 
Early number development 

In this paragraph you will learn about how to develop the above pre-number concepts.

Classification can be done with or without numbers, for example, children can be separated into groups of boys and girls. For children to know how many girls are in class they must be able to recognize (thus classify) the girls. Thus, before children can count, they must know what to count, and classification helps them to identify what is to be counted.

Children can also recognize consonants and vowel letters from the alphabet, separate flowers from the weeds, distinguish between a leaf and a stem in plants, list the towns whose names begin with the letter M, name the presidents ,distinguish between dogs and cats, reptiles and mammals, and toys they enjoy and those they never use.

There are contexts that provide opportunities for classification like stories through story books. This provides practice in visual discrimination as well as classification. Attribute blocks are also called logic blocks and can also develop logic thinking.

These blocks can be made from cardboards. They may illustrate attributes such as:

1) Size: large, small (L,S)

2) Color: blue, red, green (B,R,G)

3) Shape: square, triangle, pentagon, circle (S,T,P,C) 

Think of a game that you can play using attribute blocks to develop classification and reasoning. 

You might be thinking of a game that is suitable for five to eight year olds where children draw different coloured triangles, squares, circles, pentagons. You might also think of picking up a piece and asking what colour and shape it is.

Note that, in early grades, a clear verbal description of pieces by young children should be the goal and games like “who am I?” Games like this encourage children to think logically and develop communication skills. Children informally explore fundamentals notions such as matching, comparison, shape, sets, subsets, and disjoint sets as well as set operations.
Communication and language can be further developed as the set operations of union and intersection. Many different experiences are needed to sharpen children’s observation skills and to provide them with the basis on which to build the notion of numbers. Carefully observe and question children as they are using these materials. For instance see the picture below, by asking what children are doing then you will get to understand their level of thinking and it’s easy to direct them. As a teacher just introduce questions without giving any meaning or background. Start a discussion with the learners about what they are doing, where they are, who they are, and how they got there.
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Picture2: Chalimbana ECE Demo School
This will help you better understand what children are thinking, which in turn will help you design more appropriate learning activities.
What is to be counted must be well defined or clearly be understood by learners to avoid counting inconsistency.

In the next chapter you will look at another important concept thus, the conservation of number.
Conservation of number

Conservation of number means that a given number does not vary regardless of the arrangement reflected by how children think. The example below will help you on how to test conservation.
Two rows of dots are arranged side by side for 5 to 6 year old children to look at. You are expected to ask the child to make a comparison to decide whether there are more dots in the second row that has been spaced

Depending on whether the child has conserved or not the child may think a number varies and that this depends on it’s arrangements or configuration. The  child may think or believe that stretching  out the row of dots changes the number  and  may verbalising this by saying “one six is bigger than another six” and sees no error in his or her reasoning. The children believe that the number in a quantity may change depending on its arrangement or size of the items being counted. The illustration below demonstrates the idea discussed above
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Picture 3: Piaget’s theory of conservation of number illustration adopted from at buddies science .org

You should note that rarely do children conserve numbers before 5 or 6 years of age (Piaget 1956,1960).Children in the kindergarten  and some in the first and second  grade are non- conservers. A child can be skillful at counting and remain inmature about conservation. You are advised as a teacher that when you observe this happening, instructional activities should be used to increase the child’s awareness of invariance of numbers.

So far we have discussed classifying and conservation. What do you think are the other ways of helping children to develop the concept of number? You might have been thinking of the following ways: subitising, comparisons and one-to-one correspondence. In the next paragraphs we are going to discuss these concepts respectively.

Subitising

Subitising which is sometimes referred to as group recognition is the skill to instantly see how many are in a group. Recognising the number in a small group is much faster than each individual member of that group. Children who can name  small groups gives evidence of knowing early order relations such as 3 is more than 2 and 3 is less than 4.Some children may also realise that 5 contains a group of 2 and a group of 3. Children who recognise the number in a small group will more quickly begin counting from that point. Being able to recognise the quantity in a small group frees children of the burden of counting small quantities to join or remove and this allows them to concentrate on the action of the operation.
You should also note that certain arrangements are more easily recognised or subitized. Children usually find rectangular arrangements easier followed by linear and then circular, whereas scrambled arrangements are usually the most difficult.

Comparisons and one-to- one correspondence

Another way of learning to count is by making comparisons. 

For example, Thomas has two cars; Joseph wants one. After Thomas shares one, he sees that he has one car left (Bowman, Donovan, & Burns, 2001, p. 201)

Other math skills are introduced through daily routines you share with your child—counting steps as you go up or down, for example.  Informal activities like this one give children a jumpstart on the formal math instruction that starts in school. What math knowledge will your child need later on in elementary school? Early mathematical concepts and skills that first-grade mathematics curriculum builds on include: the following aspects:

· Understanding size, shape, and patterns

· Ability to count verbally (first forward, then backward)

· Recognizing numerals

· Identifying more and less of a quantity

· Understanding one-to-one correspondence (i.e., matching sets, or knowing which group has four and which has five)

You should note that learners must discriminate between important and irrelevant attributes. For instances, “does everyone have a piece of paper?” Are there more pencils on desks?” may be helpful and may lead to important and powerful mathematical concept of one-to one correspondence. Also note that processes of tallies lies on the concept of 1-1 correspondence. Using of square paper or index cards may be helpful in teaching one-one correspondence.

The method of placing a leaf on a card and then stacking the cards on a common base provides a helpful scaffold for one to one correspondence. This method further provides a graphical representation of information, allowing quick and accurate visual comparisons. You may be wondering why the concept of visual comparison is important to young children. The importance of visual comparison is to enable learners become familiar with terms that describe relationships. These terms are more than, less (fewer) than and as many as. Such concepts will help children to develop the concepts of order and sequence.

As you  teach children terms that describe relationships  you should  emphasize  that 4 is the number between 3 and 5 as well as 1 more than 3 and less than 5.Understanding such relationships develop comparisons such as 5>4 or 4<5 naturally. Further you can place connectors (for example, laying a string , thread, rope  drawing lines or arrows provides a visual reminder of the one-one correspondence that underlies many comparisons. When comparisons are made among several different things, ordering is involved.
Patterns and counting

(i) Pattern

Throughout the unit we have been looking at pre- number concepts in mathematics. Now let’s define mathematics as this will help us understand what it is and why we teach it in early years. You must have come across the following definition that it is the study of patterns. Yes mathematics is the study of patterns but do you know what a pattern is? A pattern is repeated design or recurring sequence or we can say an ordered set of numbers, shapes, or other mathematical objects, arranged according to a rule. For example, the picture below show some of the patterns.

Picture 4
Source:https://www.education.com/download/worksheet/50627/draw-patterns-1.pdf
Patterns are based on geometric attributes (shape, symmetry), relational attributes (sequence, function), physical attributes (colour, length, number) or affective attributes (like, happiness).Have you ever thought of reasons why patterns are taught in early grades?

Patterns facilitate the counting process; they instill a sense of creativity, reveal insight into children’s mathematical thinking, help children think aloud as they search for patterns. This also helps teachers learn and understand children’s reasoning and encourages them to share their thinking. However, you should note that despite the importance of patterns; there are no sound patterns within the first 20 number names. In early grades patterns help children develop number sense, ordering, counting and sequencing. Later patterns are helpful in developing thinking strategies for basic facts and algebraic thinking. But have you ever thought of how you can teach patterns? There are several ways in which patterns can be taught. Patterns can be taught in the following ways:
1) Copying a pattern

Show the children a pattern and then ask them to make one like it. For example, patterns on a string, beads on string. Alternatively, patterns may be laid for children to copy. For example, children should choose the same pieces and arrange them in the same order. They can also model a figure on the geo board, See the picture below: 
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Picture 5: Chalimbana ECE Demo School
Children can wind the rubber bands around the nails making different shapes. There are many additional activities you can add to geo boards like creating more complex shapes, letters, or pictures. 

2. Extending a pattern

Children are shown a pattern and asked to continue it. It could be used to observe something common about representations which might later lead to the algebraic generalization in future. 
Activity
1. Now its your turn to make patterns, so make patterns using different objects 

2. Compose a song which will bring out the aspect of a pattern

(ii) Counting

The next paragraph discusses counting ,types of counting, counting principles, counting stages, counting strategies, number benchmarks, illustration of a zero, the importance of the number 5 and 10, cardinal ,ordinal and nominal numbers, writing of numerals steps involved in writing numerals and other ways of teaching numeral writing.

Stages of counting

Counting is part of number sense, but not synonymous with it. Children can be perfectly able to say a counting row correctly without having any understanding of the underlying number. For instance when singing a song. Same goes for being able to write the abstract numbers during activities such as painting.
Acoustic counting

In this type of counting, a young child says words for counting. The words will come in the same order. To enable a child count very well in a sequence, the teacher should use the songs and rhymes. 
You should also note that, the counting row in English has no system up to number 20. It needs a lot of exercises to master the counting row.
Asynchronous counting

During this stage, there is little co-ordination between what they are saying and what they are counting. There is no cordinated skip counting and what the young child is counting and the objects.

You should give learners activities for counting frequently and let learners count frequently with concrete objects.
Synchronous counting

This is at times referred to as one-one correspondence counting. There is no skip counting, repeating of number names and objects.  The child counts and point out objects by:
(i) Moving objects
(ii) Pointing out
(iii) Only looking
Moving, pointing with touching, pointing without touching and looking only are increasingly difficult ways to do synchronous counting. This has to be worked on even when the child has already mastered resultative counting. 

The number of objects and their arrangement obviously play a big role on how difficult this movement helps, For instance living goose board. A child does not yet realise what the total number of objects is. If asked “How many are there?”, it will recount 
Resultative counting

In this type of counting, a teacher can ask the question “how many?’ ’The child can move objects and count in any order as this does not change the order. The child demonstrates understanding that, s/he can count every object only once. The number name last mentioned is the total. This is the defining characteristic of resultative counting – the cardinality principle.The numbers are referring to always bigger quantities. The place s/he starts with doesn’t matter. Objects don’t have to be identical. How the objects are placed doesn’t matter and each number has its own position

Structured counting

Structured counting may involve grouping objects into regular patterns for easy recognition while counting. For example dice patterns, playing card patterns, geometric patterns, five frames, and ten-frames.

After introducing many different patterns / structures, as a teacher you can then promote 10-frames as the way to represent numbers in a fixed way for the rest of the year.

Ten-frames can be completed in two ways – top-row, then bottom row, or top, bottom, top, bottom, ….

Each has advantages, first shows 5 as a benchmark and structure of other numbers is related to number 5, second shows more even – uneven pattern and relates to counting in twos.

Quadratic representation is like a 10-frame cut in blocks of 4 and ending with a block of 2.

Having a fixed number image is very valuable for the learners 

When learning to manipulate numbers in early operation.
Flexible counting
When applying this skill a child can start counting from a number different from one. A child can Count in 2’s or 10’s (or any other number). A child can count backward, Condensed or count from a number, count in 10s, 2s…, and count backwards.

You are advised to start with small number and build your concepts from small concepts to big numbers.

Having discussed the stages of counting, you should understand that stages run through each other and they are not clear cut. They are just a guide. You are advised to understand the level of mathematics thinking and knowledge of your children. 

You are also advised to design your instruction in such a way that you provide regular practice encourage each child to count as far as s/he can.

Counting Principles

Learners need to understand on the concept of composition and decomposition of numbers under addition and subtraction. Imagine you have been tasked by the lead teacher in early mathematics to plan a professional development workshop on counting principles. How can you explain the counting principles that you will focus on?

The focus of this paragraph is to motivate you to plan professional development for teachers in your teacher group around on composing and decomposing numbers all the way to addition and subtraction strategies. Where do you think you will base your plan? You should base your plan on basic counting principles that young children must obtain for them to be successful at composing and decomposing numbers. 

Number representation

 The concept of number representation can be developed amongst children in many different ways. For instance, 1 door in the classroom can represent number one, 4 legs of a chair can represent number 4, and so on.

It is important for a teacher to let children find their own representations of a number in the classroom or the surrounding, which they can then easily refer to picture the number.

Conservation principle

During this stage the size of what the child counts does not matter, realises of big and small objects comes easily in learner’s perception.

You are advised to train learners in different arrangements of objects. You need to give learners a lot of experience in concrete-pictorial situations. Reading of words such as five should be reserved for later grades 
The following list outlines the stages of counting development:

1. Stable Order

The first principle of counting involves the young child using a list of words to count in a repeatable order. This “stable list” must be at least as long as the number of items to be counted.
For example, if a young child wants to count 20 items, their stable list of numbers must be to at least 20.

2. Order Irrelevance
The order in which items are counted is irrelevant. Young children have an understanding of order irrelevance when they are able to count a group of items starting from different places.

 For example, if a young child counts from the left-most item to the right-most item and visa versa.

3. Conservation

Understanding that the count for a set group of objects stays the same no matter whether they are spread out or close together.

If a young child counts a group of items that are close together and then needs to recount after you spread them out, s/he may not have developed an understanding of the principle of conservation.

4. Abstraction

Abstraction requires an understanding that we can count any collection of objects, whether tangible or not.

For example, the quantity of five large items is the same count as a quantity of five small items or a mixed group of five small and large things.

Another example may include a student being able to count linking cubes that represent some other set of objects like cars, dogs, or bikes.

5. One-to-One Correspondence

A young child understanding that each object in a group can be counted once and only once. It is useful in the early stages for children to actually tag or touch each item being counted and to move it out of the way as it is counted.

6. Cardinality

Understanding that the last number used to count a group of objects represents how many are in the group.A young child who must recount when asked how many objects are in the set that they just counted, may not understand the cardinality principle.

7. Subitizing

The ability to “see” or visualize a small amount of objects and know how many there are without counting.

Since it becomes increasingly difficult to subitize as the number of items increases, you’ll notice that five and ten frames are common in early year’s mathematics education.

8. Movement is Magnitude

Understanding that as you move up the counting sequence (or forwards), the quantity increases by one and as you move down (or backwards), the quantity decreases by one or whatever quantity you are going up/down by.

9. Unitizing

Unitizing involves taking a set of items and counting by equal groups (i.e.: skip counting).

For example, if there is a large group of candies on a table, one might choose to create groups of five (often doing this by subitizing these groups) and skip counting up by five.

Unitizing is also important for young children and children to understand that objects are grouped into tens in our base-ten number system. For example, once a count exceeds 9, this is indicated by a 1 in the tens place of a number.

Counting types

A child using rote counting knows some number name but not necessarily the proper sequence. A child exhibiting rote counting may count the same objects several times and use a different counting sequence each time. Children who exhibit this error need to spend more time on the stable-order rule.

Rote counters may know the proper counting sequence but may not always be able to maintain a correct correspondence between the objects being counted and the number names.

Rote counters may say the number names until they perceive all the objects as being counted. They also point faster than saying the words. They will point to the objects but will not provide a name for each of them.

Rote counters may be helped by the teacher slowing down their counting and stressing the importance of one-one correspondence.
Oral counting
Oral counting is one of the elementally skills involved in the development of children’s counting behavior. It is the ability of a child to produce in a speech a correctly ordered string of numbers

Note that as a teacher you are not expected to introduce numerals at this stage.

Activity

1. Explain how you can teach oral counting to the learners

2. Compose a  song /rhyme to be used for teaching  oral counting

Rational counting

In rational counting, the child gives a correct number name as objects are counted in succession. The child uses one-to-one correspondence. The child has the ability to answer the question about the number of objects being counted. The child exhibits all several principles of counting.

There are various stages in which children exhibit counting as you will see in the next paragraph.

Counting on

In counting on, the child gives correct number names as counting proceeds and can start at any number and begin counting

Counting on is preceded by counting all. This is where  a child ,when the one ngwee coin are added to the 8 ngwee coins that had already been counted would count all of them again by beginning to count from one and then end with eleven.

Counting on practice leads children to discover valuable patterns. Counting on is also an essential strategy for developing addition.

To count on effectively, the child must know the numbers that come immediately before and after a number they are counting on from as well as the sequence of number preceding the number

Counting Back 

When children count back, they give correct number names as they count backward from a particular point. At an early stage, counting back can be related to rockets blasting off (counting down- five, four, three, two, one, blast off); later it becomes helpful in developing subtraction

Instructions in counting should include practice counting backward as well as forward. Counting backward- five, four, three and two, one-helps children establish sequences and relate each number to another in a different way.

Skip Counting 

In skip counting, the child gives correct names, but instead of counting by 1s, counts by 2s, 5s, 10s or other values.

A hundred charts may be used to teach skip counting. This will help learners to come up with many patterns. Further skip counting on the hundred chart provides counting practice and provides readiness for multiplication and division

Children often slow down, hesitate, or stop when they reach certain numbers such as 29,however as soon as they establish the next number as 30, their counting pace quickens until they are ready to enter the next decade (set of 10 numbers). Bridging the next century (set of 100 numbers) poses a similar challenge.

Bridging to the next 1 or 100 is among the common transitional points of counting difficulty.

Calculators are beneficial tools to illustrate how number move in a repetitive pattern and how transitions are made across decades,39-40,69-70 and beyond 99-100,109-110 and 199-200.

Early counting with the calculator should emphasize the physical link between pressing the keys and watching the display.

Number bench marks and Number bonds

Number benchmarks are perceptual anchors that become internalized from many concrete experiences, often accumulated over many years. Number bonds are part of the development of number sense. Number bonds are immensely important as a step-up to addition and subtraction. The number bonds also give relationships between larger number and smaller numbers

Example

The number 5 and 10 (the number of fingers on one hand and two hands) provide two early number benchmarks

Children recognise four fingers as being one less than five and eight as being three  more than five or  two less than ten.

The five frame or an egg tray with (5 x1 array) and ten-frame or an egg tray with (5x2 array) and the Japanese Soroban promotes counting, quick recognition of quantities and mental computation.

The above relationships encourage children to think flexibly about numbers, thereby promoting greater number sense.

Experience with ten frame or egg tray also facilitate the development of addition, subtraction, multiplication, and division as well as place value.

To teach any concept in early learning, start with concrete objects, move to pictorial representation, then to schematic representation (dots). After sufficient development of the number sense, introduce the abstract representation.

Before introducing the abstract representation, work on developing as many different images as possible to represent a particular number, using things to see in the surroundings, pictures, dots etc. 

The more different ways someone can represent a number, the better the person understands the number. 

Note that development of number sense does not “end”. For instance, as the child learns addition, 4 can also be 2 + 2, and as the child learns multiplication, 4 also becomes 2 x 2. As the child learns about powers, 4 becomes 22. As one goes to higher learning, new and more sophisticated representations continue to be added. 
Illustration of Zero

 Note that, some models illustrate zero more clearly than others, for example, a rod of length zero is more difficult to grasp than a card with zero hearts. Care should be taken to introduce zero as it becomes natural to do so, using models appropriate for the purpose including the number line may help children to distinguish between “zero” and “nothing “by encouraging the use of zero to report the absence of something

Example 

When reporting the score of a game, it is better to say Zambia zero, Zimbabwe 3 than to say nothing to 3 or 3 to nothing

Have you ever thought of why it is important to use various patterns as numbers through 10 are developed?

It is important that various patterns among them be discovered, recognised, used and discussed to enable conceptual, relational and instrumental understanding.

The number ten is very important because it is the first number represented by 2 digits,1 and  0. The number ten (10) provides the cornerstone for our number system. However before introducing the concept of ten, the concept of zero should be done. A ten-frame is one of the most effective models for facilitating patterns, developing group recognition recognition  of numbers and building an understanding of place value

A ten frame can be made from an egg carton. But before this children might use counters to make different representations of the same number in the ten frame.

Different Meanings of Numbers: Cardinal, ordinal and nominal numbers
Cardinal numbers answers the question “How many?”
Let us look at this example:

 Step 1Introduce a lesson by singing any number song, 

Step 2thenDisplay the number chart to the learners 

Step 3Ask the learners to identify the number symbols from 1 to 3 in relation to the actual number of objects

While ordinal numbers emphasizes arranging things in order and answers the question ‘which one”. The order as you are teaching ordinal numbers may be based on any criterion such as size, time of day, age, or position in a race. Once an order is established, however, the counting process not only produces a set of number names but also names each object according to its position.

The language to bring out positions should be emphasized for example, the first letter of the Alphabet is A, Bob is the second in line, Taonga was the third in the race.

You should provide opportunities to learn both cardinal and ordinal numbers, for example, in the race day riddle questions like Tell how many people were in the race, and explain your reasoning. How could I be the last but second in a race? The number on my left is 9. How could I be first and last in a race? How could I be seventh in a race but finish last? How could I be third from winning and also third from last?

Nominal numbers can be label or a code. Examples are the numbers on a player uniform, the license plate of a car, a postal zip code and a telephone number. Further, nominal numbers provides essential information for identification but do not necessarily use the ordinal or cardinal aspect of the number.

You are advised not to worry about what to teach first, just be sure both are given attention.

When using cardinal, ordinal and nominal numbers, children do not need to distinguish between the terms. Distinctions can be made informally by asking questions within problem situations such as how many pieces are on the chess board? Which runner is the third? What is your phone number? What is the length of your exercise book? 
Writing Numerals

Young children typically have difficulty writing numerals as well as letters, they should spend less time writing numerals. The lack of development of the small muscles needed to write presents one problem and the limited eye-hand co-ordination of many young children constitutes another difficulty. Both of these make it difficult or impossible for some young children to write numerals. If children are pressured into pre-mature symbolization, it can create unnecessary frustration and anxieties. Therefore, you should focus on number development and relationships among numbers and not on writing.

Children can usually recognize a number symbol and say it correctly long before they write it. Many young children initiate early writing of numerals on their own, and they get a feeling of great accomplishment from it; however, children‘s writing skills develop much more quickly as second graders than as pre-scholars.

Textbooks provide guidance to children in different forms. Teachers can also help by writing the symbol large in the air, paying great attention to the various motions and turns to make the number.

[image: image38.jpg]



Picture 6: Chalimbana ECE Demo School
Later on, write large numbers in sand before finally working on small numbers on paper (same is true for letters).
You are advised to encourage children to draw the appropriate number of objects besides the numeral being written to help them connect the number concept with its symbolic representation. When children are learning to write numerals have them work on this writing skill aside from mathematics. 

Many children develop the necessary writing skills on their own. Even, then, these youngsters need monitoring and maybe some occasional guidance. See picture 7 below:
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Picture 7: Chalimbana ECE Demo School
 Others, however, need systematic step by step procedure to help them grasp the needed concept. Although there is no one best way to form a numeral, some patterns may help. What do you think are some of these patterns?

Here are some of the suggested patterns: 

· Guiding a child’s hand until the child takes the initiative in writing

· Using outlines of numerals for learners to trace

· Cut out shapes of numerals and have class members trace them in the air while following instruction such as:

Zero: 
Start at the top; make a circle that touches the line that you are writing on, and then go back up to the top.

One: 
Start at the top and pull straight down.  Don’t make a “flag” at the top!.

Two: 
Start high, make a rainbow, make a diagonal “slide” down to the bottom, and straight line across.  Our number two should not look like a backwards S or a snake!  If the line on the bottom is not as straight as an arrow, something is wrong.

Three: 
This is a tricky one for the children!  Start high and begin making a circle.  Stop when you get halfway around!  The end of your half-circle or “bump” is where you start your next one!  Trace the last part of that bump and draw another one underneath it.  Our number three shouldn’t look like a snake!  (Note:  in the poem below, when I say “Back up,” I mean to go backwards.  That’s the part where they trace.)  BTW, if someone has a better idea, I’m open to changing these!. Otherwise you should also explain the learners what you mean by tracing.

Four: 
Start up high, and pull straight down.  Now make it a capital L.  Start high again and make a lowercase t right through that L! Your line has to go right through that L so that we can see both “arms.”  Our number four wants both arms to show!

Five: 
We first make the line going down, then circle around, and then give it “a hat.”  So I say, “Down, around, give it a hat.”

Six: 
Start at the top and make a letter C.  Then draw a little circle or loop at the bottom.

Seven: 
Start up high, and make a straight line.  Then make a “slide” or a diagonal line.  (Watch out for children that make that second line going straight down rather than diagonally.)

Eight: 
I tell the children to make an S, but then to keep going.  They need to just draw a line from where the S ended to back where it started, like a “Connect the Dots” worksheet.

Nine: 
Make a circle up high, and then draw a straight line down.

Ten: 
Make a one and then a zero.  The one and the zero should be the same size or height.

Have a child who can make numerals stand behind someone who cannot. Ask the skilled child to use a finger and gently write a numeral on the other child’s back. The child in front should identify the numeral and write it on the board, trace it on a poster, or write it in the air. This approach calls for tactile sense and helps some children better develop their writing skills.

Use numerals that have been cut from sandpaper and pasted to cards, or take some cord and glue it in the shape of numerals. Place a mark on each numeral to show the child where to begin tracing it with his or her finger. This approach is particularly helpful with children who persist in reversing numerals.

Cover numerals to be traced with a transparency. Then give the child water –soluble pen and have him or her practice tracing the numeral.

For children having difficulty writing numerals, a teacher can always write the numbers for them on the board. The fact that numeral takes different forms also should be mentioned but time should not be wasted on this.

Reflection
Apart from the one discussed in this section there are also other ways of teaching numeral writing. Could you mention some of these?
You might have been thinking of cutting out shapes of numerals and having class members trace them in the air. As the tracing is being done, describe it verbally such as go to the right and then down. This activity can be extended by using only dots to form the outline or the pattern.

You can also have a child who can make numeral stand behind someone who cannot. Ask the skilled child to use a finger and gently write a numeral on the other child’s back. The child in front should identify the numeral and write it on the white board, trace it on a poster, or write it in the air.

 This approach calls on tactile sense and helps some children better develop their writing skill.

At times you can use numerals that have been cut from sand paper and pasted to cards, or take some card and glue it in shape of numerals. Place a mark on each numeral to show the child where to begin tracing it with his or her finger.

This approach is particularly helpful with children who persist in reversing numerals

Covering of numerals to be traced with a transparency may be helpful. You should give a child a water soluble pen and have him or her practice tracing the numerals.
Activity 
1. Explain how you can introduce a lesson to the learners on how to write numerals through pre-writing activities such as tracing or scribbling 

2. Ask learners to trace numbers in their books
For children having difficulty writing numerals, a calculator may be helpful. The calculator displays provides a visual reminder of a numbers symbol and remove the burden of writing complicated numerals 

The fact that numerals take different forms also should be mentioned but not laboured. This will help avoid confusions such as when a 4 appears as a printed number or as a digital display on a clock or calculator.
Activity
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Activity
	1. With examples, define identification, recognition, sorting, matching and ordering 

2. Explain how you can integrate classification across the ECE curriculum (ie languages, science and social studies)

3. What is the importance of classification?

4. What is the importance of group recognition/ subitizing?

5. Discuss arrangements that are more easily recognised or subitised?

6. Design models for making comparisons by

(i) Counting

(ii) Physically comparing without counting

(iii)  One-to – one correspondence

7. Mention other ways in which the notion  of comparison and order can be taught

8. What is the goal that has been set on progression of counting according to the Zambian Pre-school syllabus and the early learning standards? How does this goal compare with other international goals on counting (e.g USA, Belgium, Australia and Japan)?8 
9. Use the calendar to answer the following questions 

10. A calendar has many patterns. Tell a pattern you see?

11. What day and date is 7 days after the 7th?

12. What day and date is 1 week after the 5 th ?

13. Give examples of sports that provide opportunities for skip counting

14. Why do children often slow down, hesitate, or stop when they reach certain numbers such as 29?

15. Name some teaching aids that use these early benchmarks

16. Explore the number names and symbols for the first 10 digits from seven major familiar languages in Zambia?

17. Why is it important for children to learn words and symbols from different familiar languages?

 


        Reflection
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Reflection
	You have just completed working through unit two. Think of what you have learned in this unit and how it would help you broaden your understanding of the history of number system and numeral system.




Unit summary
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Summary
	In this unit you learned

· the idea of keeping records and how communicating quantities gave rise to numbers and numerals

· Numerals are symbols which represent numbers, e.g. III, 3, are different numerals representing the number three. These can also be referred to as digits.

· Early numeration systems had many deficiencies. The notable ones are lack of place value and a numeral for zero.

· Also you have learnt about how to develop counting and number sense in early grades by providing activities that are 
Bowman, B.T., Donovan, M.S., & Burns, M.S., (Eds.). (2001). Eager to learn: Educating our preschoolers. Washington, DC: National Academy of Sciences.

https://classroom.synonym.com/childcentered-approach-early-childhd-education-8614207.html.Accessed on 19/06/2019.

	 



Unit 3

Whole Numbers

Introduction

In this unit, you will deal with whole numbers in relation to number patterns and sequences. You will also apply the four operations; i.e. addition, subtraction, multiplication and division on hole numbers.

Upon completion of this unit you will be able to;
	Outcomes[image: image43.jpg]



Outcomes
	· demonstrate understanding of the history of different number systems 

· analyse the challenges in different number systems based on the concept of place value                                                                                      
· recognise whole numbers given in either figures or words

· apply properties of whole numbers on the four operations

· demonstrate understanding that our number system is based on base ten

· solve problems involving whole numbers



	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


Number and numeration system:  A numeration system is a collection of properties and symbols agreed upon to represent numbers systematically. A number is the concept of a certain quantity. A numeral is the word or symbol we use to express a given number.

Example: A friend tells you he has four movie tickets. Express the number with several different numerals. Some numerals that can be used to represent the number four are: 4 and iv which are in the Hindu Arabic and Roman numeration system respectively. 

Representation of numeration system
Do you think the way numerals are presented has any implications to the learner?

The way in which numbers are represented has important implications on mathematics. We study different numeration systems not only for their historical importance, but also to see advantages and disadvantages of our own system of numerals. 

 We will examine various numeration systems that have been used througout history. 

1. Tally Numeration System 

The tally mark system

What system of counting was used in ancient times? You might have heard of the tally mark system.

One of the earliest numeration systems is the tally mark system.

 In the tally mark system, each number is represented by a list of tally marks equal in length to the number. Sometimes these marks were grouped so as to make counting easier

While the tally mark system is very basic, there is at least one interesting property we should note.

 Properties of the Tally Mark System

Now let’s look at the properties of the tally mark system:

 Additive

 The tally mark system is additive because one adds symbol values together to get the number represented

 What are some advantages of tally marks over the Hindu Arabic system?

Advantages

(i) Simple

(ii)  only one symbol needed,

(iii)  addition and subtraction are easy to model

 Disadvantages

(i)  large numbers are hard to represent

(ii)  no way to write zero

(iii)  multiplication and division are diﬃcult to model

(iv) multiplication and division are diﬃcult to model

Suppose you want to count a group of things (sheep or trees, etc). You could use a vertical line to each object you want to count as shown is Figure1.0.
                                                 |  ||  |||  ||||  |||||  ||||||   |||||||                         

Figure 1.0
 One advantage of this system is its simplicity. However, a disadvantage of this system is its difficulty to read large numbers. For example, can you tell what number is represented below:

Figure 1.1||||||||||||||||||||||||||||||||||||
 Figure 1.1: The tally system is improved by using grouping. The fifth tally mark was placed across every four to make a group of five

Egyptian numeration system (about 3400 BC)
Apart from the tally system, what other number system was used in ancient times?

It is the Egyptian numeration system. In the Egyptian numeration system only two principles are used

· Repetition

· Addition

Egyptian numerals have been found on the writings on the stones of monument walls of ancient time.Numbers have also been found on pottery, limestone plaques, and on the fragile fibers of the 

papyrus. The language is composed of heiroglyphs, pictorial signs that represent people, animals, plants, and numbers. 

The Egyptians used a written numeration that was changed into hieroglyphic writing, which enabled them to note whole numbers to 1,000,000.   

Egyptian Symbol 

1 = staff 

10 = heel bone 

100 = coil of rope 

1000 = lotus flower 

10,000 = pointing finger 

100,000 = tadpole 

1,000,000 = astonished man 

This hieroglyphic numeration was a written version of a concrete 

counting system using material objects,
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Example
4,622 would be shown as:




To represent a number, the sign for each order was repeated as 

many times as necessary. To make it easier to read the repeated 

signs they were placed in groups of two, three, or four and arranged vertically.

Example: 

(i).


276      =  

ii).                    

4622 =
The techniques used by the Egyptians for these are essentially the same as those used by modern mathematicians today. The Egyptians added by combining symbols.  They would combine all the units together then all of 

the tens together, hundreds together etc. 

Addition and Subtraction: The techniques used by the Egyptians for these are essentially the same as those by modern mathematicians today. The Egyptians added by combining symbols.They would combine all the units (/) together, then all of the tens (Ո) together, then all of the hundreds etc. If the scribe had more than ten units (/), he would replace those ten units by Ո.He would continue to do this until the number of units left was less than ten. This process was continued for the tens, replacing ten tens with coiled rope. Etc
Example: From Pamphlet to be inserted
For example, if the scribe wanted to add 456 and 265, his problem would look like this (= 456) (= 265) The scribe would then combine all like symbols to get something like the following  He would then replace the eleven units ( ) with a unit ( ) and a ten ( ). He would then have one  unit and twelve tens. The twelve tens would be replaced by two tens and one one​hundred. When he  was finished he would have 721, which he would write as . Subtraction was done much the same way as we do it except that when one has to borrow, it is done  with writing ten symbols instead of a single one.

The conventions for reading and writing numbers is quite simple; the higher number is always written in front of the lower number and where there is more than one row of numbers the reader should start at the top.
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3,244 and 21,237

 

Activity

1. Rewrite the following number using Egptian symbols:

(a) 512   

(b) 9, 000,300

(c) 4,020 

2. Add the given numbers, using Egyptian symbols. Show the regrouping step. 729 + 486

3. Subtract the given numbers, using Egyptian symbols. Show the borrowing (taking) step, 302 – 28.
4.  Write 2,549 in Egyptian notation
Roman Numeration (AD 100)

Apart from the Egyptian and tally numeration system, have you thought of any other numeration system? You might have been thinking of the following: Mayan, Chinese, Greek, Roman, Babylonian and Hindu –Arabic which is the system currently in use worldwide. 

Now let us consider the Roman numeration system.

The Roman numeration system is similar to the Egyptian system except that they used both addition and subtraction, For example, the number vi in Roman numerals can be written as v+ i  and we know that v represent 5, I represent 1,So we will add 5 + 1  which is equal to 6. And if you have the number iv, then you ought to subtract I from v which is v – I, thus 5 -1= 4.Also Ix means one before ten which is nine, i.e. 10 – 1 = 9.

Roman numerals are still used today in some circumstances. They are unique in our group of ancient numeration systems because they use letters from their alphabet to represent numbers as well.

The Roman numeral system allowed for simple addition and subtraction. For addition, Romans simply lined up all of the numerals from the numbers being added, and simplified. For example, in order to solve the problem 7 + 22, or VII + XXII, the numerals were first arranged in descending order, or XXVIIII.
The following letters were used to represent the numbers shown.

Roman                      Hindu-arabic

I                                       1

V                                     5

X                                     10

L                                      50

C                                     100

D                                     500

M                                   1000

If you find a bar over any roman numeral it means you multiply that numeral by 1000. Here are some examples of how to convert Roman numerals in to Hindu-Arabic. 
                  Roman                             Present

                III                                      3

               IV                                       4

               XII                                     12

            XXVI                                   26 

          DCCLXXXIX                      789      

Examples:
Q.1: Write 69 in roman numerals.
Solution: 69 = 60 + 9

= (50 + 10) + 9

= LX + IX

= LXIX

Q.2: Convert 1984 into the roman numeral. 
Solution: Break the number 1984 into 1000, 900, 80 and 4, then perform each conversion

As, 1000 + 900 + 80 + 4 = 1984

· 1000 = M

· 900 = CM

· 80 = LXXX

· 4 = IV

1000 + 900 + 80 + 4 = 1984,

So, 1984 = MCMLXXXIV
Q.3: Convert 1774 to Roman Numerals.
Break 1774 into 1000, 700, 70, 4 and then do each conversion

1000 = M

700 = DCC

70 = LXX

4 = IV

1000+700+70+4 = 1774,

Hence, 1774 = MDCCLXXIV
Activity: 
Try the following questions
1. What is 500 in roman numeral form?

2. Convert 1009 in roman numeral.

3. Convert CXII in the number form.

4. What is 11 in roman numerals?

5. Write 6 in roman numeral

6. Write 12 in roman numerals

7. What is the number form of the roman numeral CMXXIII?
8. Convert 800 in roman numeral, show all the steps.
Note: Roman numerals are used for labelling the name or position of any object or a person.

Babylonian Numeration System (About 3000 BC)

In the Middle East, people wrote numerals o clay or wood.  The Babylonian numeration system used only two symbols, the vertical wedge to represent one and < to represent ten. This is the ﬁrst system which used place value. However, the base is 60 instead of the more familiar 10. As in the Egyptian system the additive principle was used.

The Babylonians divided the day into 24 hours, each hour into 60 minutes, each minute into 60 seconds. This form of counting has survived for 4000 years.Thus, base 60 but the 59 numerals were built with only 2 symbols
Cuneiform numbers were written using a combination of just two signs: a vertical wedge for '1' and a corner wedge for '10'.

        

Example

<<<< = 40

The Babylonian system was advancement on previous numeration systems because it had a place value. The places represented multiples of sixty. Symbols are separated by wider spaces to show place value positions.

Example

  ▼   <<                      Means 1 x 60 + 20 = 80

The Hindu-Arabic numeral system

What is the name of the number system we use today?

The present-day numeration system is called the Hindu-Arabic numeral system. The present day numeration system has its origins from the Hindus in India. The Arabs improved upon it, hence the name. The present day numeration system has ten basic symbols called digits. These are 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9.

Take note of the following points about the present day numeration system:

· All the numbers in the system are constructed from the digits 0 to 9 (these are also known as cardinals or the basic numbers)

· The position of a numeral or symbol in a number has a place value with place values based on repeated groupings of ten.

· There is a presentation of zero

When we write whole numbers, we can write the decimal point at the end of the number, or we can leave it out. 

Thus, both of these 321.0 or 321 represent the same number.

The value of a digit in a number depends on where the digit appears in the number. The 4 in the following numbers;436 789, 340 231, 4 259, 479, 148, 214, 1.41 and 32.14 has the value of 400 000 because it is in the hundred thousands’ place, 40 000 because it is in the ten thousands’ place, 4 000  because it is in the thousands’ place, 400 because it is in the hundreds’, 40 because it is in the tens’ place, 4 because it is the ones’ place, four tenth because it is in the tenth place, four hundredth because it is in the hundredth place.

The value of any number increases in value as you move from right to left. For example in the number 361.749, the value of 1 is greater than all numbers to the right hand side of the decimal point.

Whole numbers can be written both in figures and words.

Example

Write the following numbers in words:

(i) 36

(ii) 7210

(iii) 10 464

Solutions

(i) 36 – thirty six

(ii) 7 210 – seven thousand two hundred ten

(iii) 10 464 – ten thousand four hundred sixty four

Example

Write the following numbers in figures:

(i) Twenty eight thousand nine hundred fourteen

(ii) One million seven hundred thousand one

Solutions

(i) Twenty-eight thousand nine hundred fourteen = 28 914

(ii) One million seven hundred thousand one  = 1 700 001

Example

Write the following number 3646 in

(i) Expanded notation
Solution

(i) 3646 = 3 x 1000 + 6 x 100 + 4 x10 + 6 x 1

           = 3000 + 600 + 40 + 6

Whole Numbers Definition
The whole numbers are the numbers without fractions and it is a collection of positive integers and zero. It is represented by the symbol “W” and the set of numbers are {0, 1, 2, 3, 4, 5, 6, 7, 8, 9,……………}. Zero as a whole represents nothing or a null value.

	· Whole Numbers: W = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10……}

· Natural Numbers: N = {1, 2, 3, 4, 5, 6, 7, 8, 9,…}

· Integers: Z = {….-9, -8, -7, -6, -5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9,…}

· Counting Numbers: {1, 2, 3, 4, 5, 6, 7,….}


These numbers are positive integers including zero and do not include fractional or decimal parts (3/4, 2.2 and 5.3 are not whole numbers). Addition, Subtraction, Multiplication and Division operations are possible on whole numbers.


Symbol
The symbol to represent whole numbers is the alphabet ‘W’ in capital letters.

W = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,…}

Thus, the whole numbers list includes 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, ….

Facts:
	· All the natural numbers are whole numbers

· All counting numbers are whole numbers

· All positive integers including zero are whole numbers

· All whole numbers are real numbers


If you still have doubt, What is a whole number in maths? A more comprehensive understanding of the whole numbers can be obtained from the following chart:
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Whole Numbers Properties
The properties of whole numbers are based on arithmetic operations such as addition, subtraction, division and multiplication. Two whole numbers if added or multiplied will give a whole number itself. Subtraction of two whole numbers may not result in whole numbers, i.e. it can be an integer too. Also, division of two whole numbers results in getting a fraction in some cases. Now, let us see some more properties of whole numbers and their proofs with the help of examples here.


Closure Property
They can be closed under addition and multiplication, i.e., if x and y are two whole numbers then x. y or x + y is also a whole number.

Example:
5 and 8 are whole numbers.

5 + 8 = 13; a whole number

5 × 8 = 40; a whole number

Therefore, the whole numbers are closed under addition and multiplication.


Commutative Property of Addition and Multiplication
The sum and product of two whole numbers will be the same whatever the order they are added or multiplied in, i.e., if x and y are two whole numbers, then x + y = y + x and x . y = y . x

Example:
Consider two whole numbers 3 and 7.

3 + 7 = 10

7 + 3 = 10

Thus, 3 + 7 = 7 + 3 .

Also,

3 × 7 = 21

7 × 3 = 21

Thus, 3 × 7 = 7 × 3

Therefore, the whole numbers are commutative under addition and multiplication.


Additive identity
When a whole number is added to 0, its value remains unchanged, i.e., if x is a whole number then x + 0 = 0 + x = x

Example: 

Consider two whole numbers 0 and 11.

0 + 11 = 0

11 + 0 = 11

Here, 0 + 11 = 11 + 0 = 11

Therefore, 0 is called the additive identity of whole numbers.


Multiplicative identity
When a whole number is multiplied by 1, its value remains unchanged, i.e., if x is a whole number then x.1 = x = 1.x

Example:
Consider two whole numbers 1 and 15.

1 × 15 = 15

15 × 1 = 15

Here, 1 × 15 = 15 = 15 × 1

Therefore, 1 is the multiplicative identity of whole numbers.


Associative Property
When whole numbers are being added or multiplied as a set, they can be grouped in any order, and the result will be the same, i.e. if x, y and z are whole numbers then x + (y + z) = (x + y) + z and x. (y.z)=(x.y).z

Example:
Consider three whole numbers 2, 3, and 4.

2 + (3 + 4) = 2 + 7 = 9

(2 + 3) + 4 = 5 + 4 = 9

Thus, 2 + (3 + 4) = (2 + 3) + 4 

2 × (3 × 4) = 2 × 12 = 24

(2 × 3) × 4 = 6 × 4 = 24

Here, 2 × (3 × 4) = (2 × 3) × 4

Therefore, the whole numbers are associative under addition and multiplication.


Distributive Property
If x, y and z are three whole numbers, the distributive property of multiplication over addition is x. (y + z) = (x.y) + (x.z), similarly, the distributive property of multiplication over subtraction is x. (y – z) = (x.y) – (x.z)

Example: 
Let us consider three whole numbers 9, 11 and 6.

9 × (11 + 6) = 9 × 17 = 153

(9 × 11) + (9 × 6) = 99 + 54 = 153

Here, 9 × (11 + 6) = (9 × 11) + (9 × 6)

Also,

9 × (11 – 6) = 9 × 5 = 45

(9 × 11) – (9 × 6) = 99 – 54 = 45

So, 9 × (11 – 6) = (9 × 11) – (9 × 6)

Hence, verified the distributive property of whole numbers.

Multiplication by zero
When a whole number is multiplied to 0, the result is always 0, i.e., x.0 = 0.x = 0

Example:
0 × 12 = 0

12 × 0 = 0

Here, 0 × 12 = 12 × 0 = 0

Thus, any whole number multiplied by 0, the result is always 0.

Division by zero
Division of a whole number by o is not defined, i.e., if x is a whole number then x/0 is not defined.

Also, check: Whole number calculator
Difference Between Whole Numbers and Natural Numbers
	Difference Between Whole Numbers & Natural Numbers

	Whole Numbers
	Natural Numbers

	Whole Numbers: {0, 1, 2, 3, 4, 5, 6,…..}
	Natural Numbers: {1, 2, 3, 4, 5, 6,……}

	Counting starts from 0
	Counting starts from 1

	All whole numbers are not natural numbers
	All Natural numbers are whole numbers


Below figure will help us to understand the difference between the whole number and natural numbers :
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Can Whole Numbers be negative?
The whole number can’t be negative!

As per definition: {0, 1, 2, 3, 4, 5, 6, 7,……till positive infinity} are whole numbers. There is no place for negative numbers.

Is 0 a whole number?

Whole numbers are the set of all the natural numbers including zero. So yes, 0 (zero) is not only a whole number but the first whole number.


Solved Examples

Example 1: Are 100, 227, 198, 4321 whole numbers?

Solution: Yes. 100, 227, 198, 4321 are all whole numbers.

Example 2: Solve 10 × (5 + 10) using the distributive property.

Summary on Properties of whole numbers are classified as follows:

(i) Closure property. Whole numbers are closed under addition and multiplication 

(ii) Commutative property. The sum of two whole numbers is the same, no matter in which order they are added, e.g. a + b = b + a

(iii) Additive identity: The number that, when added to any other number, leaves that number unchanged, in this case  it’s 0

(iv) Multiplicative identity: Multiplicative identity is number 1, any number multiplied by 1 remains the same.

(v) Associative property: when adding numbers, we can group them in any order and still get the same answer, e.g. (a + b) + c = a + ( b + c)

(vi) Distributive property: distributive property of multiplication over addition states that, if we multiply a number by a sum, this is the same as multiplying the number by each of the numbers in the sum, e.g. a (b + c) = (a x b) + (a x c)

(vii) Multiplication by zero: any number multiplied by zero is equal to zero.

(viii) Division by zero: any number divided by zero is undefined.
Operations on whole numbers
Are you able to state any mathematical operation you know?

In mathematics, an operation is a way of combining two or more numbers. The most well-known operations are addition, subtraction, multiplication and division.

 Addition

What do you think addition is?

Addition is the process of calculating the total of two or more numbers or amounts. To introduce the concept of addition, move from concrete – pictorial – schematic – abstract. Use terminology such as putting together, increasing,  …

Everyday situations that lead to addition and / or subtraction problems – comparison situations (e.g. how much do I need to add to get the same as the other, part – whole situations (e.g. Banda has two colours of sweets in his pocket, 2 red ones and three yellow ones, how many sweets does she have altogether) and finally situations with change in the initial conditions (e.g. I had 2 sweets, my friend gave me 2 more sweets. How many sweets do I have now?)

Development of addition (and subtraction)

1 – counting strategies

2 – non-counting strategies

3 – fluency

Examples of strategies: +1 strategy (gives next number), +0 strategy (leaves number unchanged, doubles strategy (easy to remember), near-doubles strategy (one of the numbers is one more than the other, becomes double +1)

Example

Find the sum of the following whole numbers

(i) 36 + 46 

(ii) 318 + 117

(iii) 36 112 + 9 694

Solutions

(i)  36               
              +  46

                  82
(ii) 318
                   +  117

                 435
(iii) 36 112

                     + 9 694

                      45 806                         

Subtraction

What is the meaning of subtraction?
The process of removing one number from another is called subtraction. To introduce the concept of subtraction, move from concrete – pictorial – schematic – abstract

Use terminology such as removing from and taking away.

Example

Find the difference between

(i) 1936 and 1246

(ii) 11 908 and 10 899

(iii) 4 900 370 and 3 899 479

Solutions

(i)  1 936

-1 246

   690  
(ii)   11 908

- 10 899

     1 009 

(iii)  4 900 370

-3 899 479

 1 000 991   

Multiplication

What is the concept behind multiplication? You introduce multiplication through the use of repeated addition. For example, bring to class 4 red, 4 white and 4 green pieces of chalk and arrange them as follows:
Red chalk         ││││
White chalk     ││││                                         4 + 4 + 4 = 12

Green chalk     ││││

Now ask pupils how many pieces of chalk you have. They will count and say 12. Count with them the 12 pieces of chalk. Then draw the model on the chalk board as shown in figure 2.2. Explain to pupils that you find the total number of pieces of chalk by adding them up as follows.

4 + 4 + 4 = 12

Now ask pupils to find the total number of pieces of chalk if you have 5 red, 5 white, 5 green, 5 yellow, 5 blue, 5 orange and 5 purple pieces of chalk.

Discuss with them that this gives the total of pieces of chalk as follows:

5 + 5 + 5 + 5 + 5 + 5 + 5 = 35

Ask them what is happening to the sum as the number of items to be added increases? The sum becomes longer and longer. We therefore should find a shorter way of writing and finding this sum.

Tell them that 4 is added 3 times or in short we say, 3 times 4 is 12.

Explain to them that this sum is written in short form as multiplication as:

3 X 4 = 12

Therefore, 3 X 4 = 4 + 4 + 4 = 12

In the same way, 7 X 5 = 5 + 5 + 5 + 5 + 5 + 5 + 5 = 35
Draw the grid of squares on the chalkboard as shown in table below:

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Table 1

There are three rows of 10 squares in the grid. Therefore the total number of squares is

10 + 10 + 10 = 3 X 10 = 30

We can also say that there are 10 columns of 3 squares, which gives us

3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 = 10 X 3 = 30

This shows us that 3 X 10 = 30 and 10 X 3 = 30

 Multiplication facts

Multiplication facts should be taught in relation to pupils’ existing knowledge. Therefore, once pupils have grasped the idea of multiplication as repeated addition, multiplication facts can now be consolidated.

For example, 9 + 9 + 9 = 3 X 9 = 27; 6 + 6 = 2 X 6 = 12 is double six and is 12.

Zero facts, one facts and double facts:Table 2 below shows the zero facts (second row and second column); the one fact (third row and third column) and the double facts (fourth row and fourth column).
	x
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	0
	0
	0
	0
	0
	0
	0
	0
	0
	
	

	1
	0
	1
	2
	3
	4
	5
	6
	7
	
	

	2
	0
	2
	4
	6
	8
	10
	12
	
	
	

	3
	0
	3
	6
	9
	12
	15
	
	
	
	

	4
	0
	4
	8
	12
	16
	
	
	
	
	

	5
	0
	5
	10
	15
	
	
	
	
	
	

	6
	0
	6
	12
	
	
	
	
	
	
	

	7
	0
	7
	14
	
	
	
	
	
	
	

	8
	0
	8
	16
	
	
	
	
	
	
	

	9
	0
	9
	18
	
	
	
	
	
	
	


Table 2
A good number of activities for addition can be modified for multiplication. Children need to master the basic multiplication facts before they carry out complicated multiplication algorithms. You should systematically build these through the multiplication of the basic numbers from 0 to 9. The most useful mental skill or strategy is the use of a helping fact.

Consider the 25 facts shown in table 3 below.
	X
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	0
	
	
	
	
	
	
	
	
	
	

	1
	
	
	
	
	
	
	
	
	
	

	2
	
	
	
	
	
	
	
	
	
	

	3
	
	
	
	9
	12
	
	18
	21
	24
	

	4
	
	
	
	12
	16
	
	24
	28
	32
	

	5
	
	
	
	
	
	
	
	
	
	

	6
	
	
	
	18
	24
	
	36
	42
	48
	

	7
	
	
	
	21
	28
	
	42
	49
	56
	

	8
	
	
	
	24
	32
	
	48
	56
	64
	

	9
	
	
	
	
	
	
	
	
	
	


Table 3
The 25 facts in table 3 can be learned by relating each to an already known fact or helping fact. For example, 3 X 8 is connected to 2 X 8 (double 8 0r 8 + 8) etc.

The 6 X 7 fact is related to both (5 sevens and 7 more) or to 3 X 7 (double 3 X 7). This requires the ability to know the helping fact and to do the mental addition; here are some models of how to find a helping fact:

Facts with a 4
This is a strategy to double and double again:

      4                             6

   X 6                         X 4

	∇∇∇∇∇∇

∇∇∇∇∇∇

	 ∇∇∇∇∇∇

∇∇∇∇∇∇


Double 6 is 12

Double 12 is 24

Facts with a 3

This is a double and one more set:

   3                                             7

X 7                                         X 3

	∇∇∇∇∇∇∇
	∇∇∇∇∇∇∇


Double plus 

	∇∇∇∇∇∇∇


One more

Double 7 is 14. One more is 21

Facts with an even factor

         6                                       8

      X 8                                   X 6

The strategy is to halve then double

	∇∇∇∇∇∇∇∇

∇∇∇∇∇∇∇∇

∇∇∇∇∇∇∇∇

	∇∇∇∇∇∇∇∇

∇∇∇∇∇∇∇∇

∇∇∇∇∇∇∇∇


Half of 6 eights is 3 eights

3 times 8 is 24

Double 24 is 48

Any fact

The strategy is to add one more set:

    6                                     7

 X 7                                 X 6

	∇∇∇∇∇∇∇
	∇∇∇∇∇∇∇
	∇∇∇∇∇∇∇
	∇∇∇∇∇∇∇
	∇∇∇∇∇∇∇


	∇∇∇∇∇∇∇


5 sevens is 35.

Five sevens plus one more seven is 42

 Division

How can you introduce the concept of division to your class?

You introduce division using the idea of sharing or grouping.

Give pupils a number of stones, bottle tops, counting sticks and ask one of them to sort them out into groups by specifying the total number of the objects and the number of groups to be formed. Let the pupils report orally “we separated 10 stones into 2 groups”. We have 5 Stones in each group.

We shared 24 pencils among 4 pupils and each has got 6 pencils. 

Developing Division as repeated Subtraction

From the sharing activities you can develop the division operation as repeated subtraction as follows:

If 16 crayons are shared among 4 pupils and each one gets 4 crayons, then this means that we can take away 4 crayons and give them to the first pupil and remain with 12 crayons, then take away 4 more crayons and give them to the second pupil and remain with 8 more crayons, then take away four more crayons and give them to the third pupil and the remaining crayons give them to the fourth pupil respectively.

This implies:

16– 4 = 12

12– 4 = 8

8– 4 = 4

3– 4 = 0

Repeated subtraction of 4 from 16, 4 times means 16 ÷ 4 = 4.

Vary your activities, for instance; 
if you gave pupils 30 counting sticks, you may initially ask them to sort them out equally into two sets, then 3 sets, 5 sets, 6 sets,  10 sets and 15 sets of equal number of members in each case.

These will lead to the following divisions:

30 ÷ 2 = 15

30 ÷ 3 = 10

30 ÷ 5 = 6

30 ÷ 6 = 5

30 ÷ 10 = 3

30 ÷ 15 = 2

After the pupils have understood the concept of equal partitioning of objects, then introduce the word division and its symbol. Emphasise the concept of 30 ÷ 6 to mean partition 30 objects equally in six groups.

You can also introduce division as the opposite of multiplication by using division as “think multiplication”. Most of the activities that were used under multiplication could be used in division.

In your lessons, start with division of one digit number. When you have consolidated this concept, move on to division of two digit number by one digit number. Then do division of two digit number by two digit number respectively. 

 Division Facts

Division is usually thought in terms of multiplication. Therefore division facts are in fact multiplication facts and we always think in that way.

For example, to think of 56 ÷ 8, the problem is really to solve the equation    ⌂ X 7 = 56?

(i) Use the table to make division flash cards for practicing division facts. Make the cards as follows:

(a) Take a card and write a division fact without the answer (the quotient)

(b) On the back of the card in the upper right hand corner write the quotient.

(c) On the back write a different division fact.

(d) On the front write the answer to this new fact.

(e) Make at least 16 cards, repeating the steps above respectively.

1 Ask your pupils to make a multiplication table of numbers from 1 to 12.

2 Ask your pupils to make flash cards similar to what you made in class.

3 Devise some activities which you can engage your pupils in using the multiplication table and the flash cards which your pupils made.

 Long Division

First you are going to divide 139 by 12, then by 10 using concrete objects before looking at long division. The first part has been done for you; try the second part in the similar way as illustrated below.

You need 139 counting sticks and strings for this activity.

· What to do

· First make 13 bundles of 10 sticks each, with nine loose sticks i.e. ││││││││││    ││││││││││      ││││││││││       ││││││││││      ││││││││││     ││││││││││     ││││││││││    ││││││││││      ││││││││││       ││││││││││      ││││││││││     ││││││││││     ││││││││││    │││││││
· Then make 1 bundle of 10 bundles of 10 sticks each, 1 bundle of 3 bundles of 10 sticks each and 9 loose sticks. 
Hundreds                         tens                 ones

         1                                  3                       9
You are going to divide 139 first by 14, i.e. 139 ÷ 14 and then by 12, i.e. 139 ÷ 12, using the illustration given above.

This is the same as putting the 139 sticks into 14 bundles of sticks. How many sticks are there in each group?

In long division, you do the calculation of 139 ÷ 12 as follows:

                                                                    11

                                                         12     139                  12 into 1, it cannot, into 13 its 1                                                    1 X 12 is 12

                                                            -12                     

                                                                19                   13 – 12 is 1 ten plus 9 is 19 and 12 into 19 is 1

                                                               -12    1 X 12 is 12 and 19 – 12 is 7 which is the remainder
Algorithms for Adding and Subtracting whole numbers

An algorithm is a step by step procedure for solving a problem. In this section, we will discuss several algorithms for adding and subtracting whole numbers. Here, we will learn about why you sometimes “carry” in addition and “borrow” in subtraction.

Example 1

Consider the following

                                            1

                                            28

                                          + 45

                                              73

One way to think about this solution is as follows:

28 is 2 tens and 8 ones, 45 is 4 tens and 5 ones.

To add 45 and 28, add the “ones” first to get 13, which is 1 ten and 3 ones. Then add up all the tens.We have 2tens from the 28, 4tens from the 45, and 1 ten from the ones column. So we have a total of 7tens and 3 ones and so our answer is 73. This is best seen using manipulative like blocks or scripts/mats.

Large numbers can be added using different methods.

 Here are three ways of adding 4 761 and 2 129.

Method 1
          4 761 + 2 129

First you may write each number as follows:
Algorithms for Whole Number Multiplication

 Review the definition for multiplication of whole numbers. 

Repeated Addition

Given a whole number a ≠ 0 of equal sets, each containing b elements, we define 
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 and 0 · b = 0. 

Cartesian product

 Let A and B be two finite sets such that n(A) = a and n(B) = b, then ab = n(A × B).

Multiplying by Powers of Ten

Ageneral rule often given students when multiplying numbers that end in zeros is multiply the numbers with the zeros at the end of the numerals dropped,count the number of zeros that were ignored and tack them onto theend.
Why does this work?

Note that 100 ∙ 1,000 = 100,000 since 100 ∙ 1,000 = 102 ∙ 103 Exponential Notation






= (10 ∙ 10) ∙ (10 ∙ 10 ∙ 10) 
Factor Form





= (10 ∙ 10 ∙ 10 ∙ 10 ∙ 10) 
Associative Property of Multiplication




= 105 Exponential Notation




= 100,000.Standard Notation


In general, 10m ∙ 10n = 10m+n.


Example

3,000 ∙ 400 
= (3 ∙ 103+ 0 ∙ 102 + 0 ∙ 101 + 0 ∙ 100) ∙ (4 ∙ 102+ 0 ∙ 101 + 0 ∙ 100)
Expanded Exponential 




= (3 ∙ 103) ∙ (4 ∙ 102)
Multiplicative Property of Zero and Additive Identity




= (3 ∙ 4) ∙ (103 ∙ 102)
Commutative and Associative Properties of Multiplication




= 12 ∙ 105
Basic Facts and Exponential Rules




= 12 ∙ 105 + 0 ∙ 104 + 0 ∙ 103 + 0 ∙ 102 + 0 ∙ 101 + 0 ∙ 100     Same as 2nd reason above.



=1,200,000 Standard Notation
This justifies the shortcut rule often given to students. Solve the problem by multiplying 3 ∙ 4 =12, count the five zeros at the end of 3,000 and 400, and then writing the final product as 1,200,000
Algorithms for Multiplication of Whole Numbers 


1.
Partial Products Algorithm (Intermediate Algorithm)
This algorithm is similar to the partial sums algorithm for addition. The procedure is to multiply one pair of digits at a time.  





4
7














×
1
3





Justification









2
1
(7 × 3 = 21)


47 × 13 = 47 × (10 + 3)
Expanded Notation




1
2
0
(40 × 3 = 120)
 = 47 × 10 + 47 × 3 
Distributive Property …
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0
(7 × 10 = 70)
= (40 + 7) × 10 + (40 + 7) × 3

Expanded Notation
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0
(40 × 10 = 400)
= 40 × 10 + 7 × 10 + 40 × 3 + 7 × 3 
 Distributive  Property …

  














       = 611

Note that with this algorithm it does not matter the order in which digits are multiplied. (Commutative property)

```



Use the Partial Products Algorithm to show 124 × 135 = 16,740.

2.
Standard Multiplication Algorithm 


This is basically an abbreviation of the partial products algorithm.
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Justification
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4
1
(47 × 3 = 141)


47 × 13 = 47 × (10 + 3)

Expanded Notation
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0
(47 × 10 = 470)

              = 47 × 10 + 47 × 3
Distributive Property of Multi. over Add.
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         = 470 + 141 = 611












(Note the justification uses the distributive property.)


Lattice Multiplication Algorithm


This is basically the partial products algorithm recorded in a different format.






47 × 13 = 611    
	0
          4
	0
         7

	1           2
	2            1


                     Use the Lattice Multiplication Algorithm to show 124 × 135 = 17145
	0
      1
	0
         2          
	0
           7

	0
       3
	  0
         6
	2
         1

	0
         5
	1
          0                 
	3
            5


Russian Peasant Algorithm.


The procedure is to create two lists by taking half the first factor and double the second factor (dropping the remainder each time) until the value of the column for the first factor is one. Then, cross out the terms in the second column that correspond to the values in the first column that are even. Finally, add the remaining values in the second column.




47 × 13 = 611

Justification: first step is in detail the remaining steps are abbreviated




47

13
47 × 13 = (1 + 23 × 2) × 13 = 1 × 13 + (23 × 2) × 13 = 13 + 23 × (2 × 13) 





23

26
= 13 + 23 × 26 = 13 + (1 + 11 × 2) × 26 = 13 + 26 + (11 × 2) × 26 = 13 + 26 + 11 × (2 × 26)





11

52
= 13 + 26 + 11 × 52 = 13 + 26 + (1 + 5 × 2) × 52 = 13 + 26 + 52 + 5 × 2 × 52





5

104
= 13 + 26 + 52 + 5 × 104 = 13 + 26 + 52 + (1 + 2 × 2) × 104 





2

208
= 13 + 26 + 52 + 104 + 2 × 208   (Note: we do not pick up a term in the even case.)




1

416
= 13 + 26 + 52 + 104 + 1 × (2 × 208) = 13 + 26 + 52 + 104 + 416







611

= 611









(Note that the justification uses the associative, distributive, and identity properties.)



Use the Russian Peasant Algorithm to show 124 × 135 = 16,740.

	Activity
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Activity
	 1.
Use each of the four algorithms to find the product for each exercise: 

       Russian peasant, partial product, standard, and 
lattice;


(a)
   37 x 69
(b)
 704 x46
(c)
   258 x 608

2.Prepare a lesson to introduce multiplication to a lower basic class. Your lesson should include a variety of activities like

(ii) Draw pictures of different objects on the board and ask pupils to write down the products

(iii) Making multiplication word problems

2. Teach the lesson and record your experiences which you should keep in your teaching file. Design some activities to teach multiplication facts to pre-school pupils. You may refer to the addition facts. Try this in class.
3. Investigate and write down how you would help pupils to master the facts involving multiplication by 10. Keep the findings in your teaching file.
4. Create 10 word problems on multiplication and keep them in your teaching file.
5. Prepare a lesson based on these word problems and teach the lesson.



6. Prepare separate lessons to teach your class mental skills for learning each of the multiplication facts:

(i) Facts with 5

(ii) Facts with 2

(iii) Facts with 8

(iv) Facts with an even factor

(v) Any fact

7. Prepare translation questions for your class involving models, words and symbols.
(i) Make up story questions for application of multiplication and division
(ii) Copy and complete the multiplication table for numbers from 1 to 15 which is shown       below: 
	X
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
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	14
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	15
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


8 Use sticks to illustrate the division of 149 by 15.
9 Explain the steps to carry out the following divisions using sticks
(i) 158 ÷ 17
(ii) 158 ÷ 18
(iii) 158 ÷ 16
10 Devise an activity for your pupils to carry out division of a three digit number by a two digit number, using sticks or any other suitable materials.
11 Prepare some examples on long division which are suitable for grades 1 to 4.
12 Use the Standard Multiplication Algorithm to show 124 ×135                              =                              16,740. 
Reflection
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Reflection
	After studying through this unit, think and write down the strong points and the weak points about the unit. Which sections were you able to learn easily and which ones were not?

	


Unit summary
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Summary
	In this unit you :
·  were introduced to a variety of strategies of teaching addition, subtraction, multiplication and division early grade section. 

·  You have also learned the importance of teaching addition, subtraction, multiplication and division 

·  were taught some multiplication and division facts which you should provide children with an opportunity to practice so as to consolidate their mental skills in calculations which involve the two operations.


Key References

A. Kanondo, A. Mukwamba, L.Shamapango,H.M. Shandomo and N.Siluyele (1990),Zambia Basic Education Course,

Mathematics 8, Kenneth Kaunda Foundation. Lusaka ,Zambia.

JOC/EFR December 2000 
https://www-history.mcs.st-andrews.ac.uk/HistTopics/Egyptian_numerals.html 

Accessed in June, 2019.

Unit 4

Number Theory
Introduction

Mathematics is the study of numbers. Most usually, it is concerned with the numbers and various operations on numbers. There are two elementary concepts, known as factors and multiples. The proper knowledge of “factors and multiples” is very important since these two concepts are used in mathematics quite often. Factors and multiples sometimes leave us puzzled as both appear similar. The fact is that there is a big difference between factors and multiples of a number. As such in this unit you will be introduced to factors and multiples of whole numbers. You will explore these and learn how to calculate them and apply them in your study of mathematics in every-day life.

Upon completion of this unit you will be able to;
	Outcomes[image: image54.jpg]



Outcomes
	· state what a factor is

· state what a prime factor is

· express a number as a product of prime factors

· calculate the highest common factor (HCF)

· state what a multiple is
· calculate the lowest common multiple (LCM)
.


Factors
The factors of a number are the list of numbers each of which evenly divides the given number. When a whole number is expressed as a product of two or more whole numbers, these numbers are known as factors of the given number. For example, in the expression 12=3×4, 3 and 4 are factors of 12. This is so because the number 12 can be divided by both 3 and 4; we say then that 3 and 4 are factors of 12.

Let us find all the factors of 30.

30=1×30 (so 1 and 30 are factors of 30)

30= 2×15 (so 2 and 15 are factors of 30)

30= 3×10 (so 3 and 10 are factors of 30)

30= 5×6 (you have guessed that these two are factors)

The factors of 30, then, are 1, 30, 2, 15, 3, 10, 5 and 6. (These can be written in any order: we could write that the factors of 30 are 1, 2, 3, 5, 6, 10, 15, and 30.

Therefore, a factor of a given number must divide into that given number without leaving a remainder. 10 is a factor of 30, because 30/10=3. The number 11, however, is not a factor of 30, because 30/11=2 remainder 8.

Did you find the following?

(i) 14=1×14 and 2×7. Therefore the factors of 14 are 1, 2, 7, and 14.

(ii) 40=1×40, 2×20, 4×10 and 5×8. Therefore factors of 40 are 11, 2, 4, 5, 8, 10, 20 and 40.

(iii) 17= 1×17, the only factors of 17 are 1 and 17.

(iv) 66= 1×66, 2×33, 3×22, 6×11. Therefore the factors of 66 are 1, 2, 3, 6, 11, 22, 33, and 66.

Some numbers, like 17 in the examples above, have only 2 factors: themselves and 1. These numbers are called prime numbers. Each number essentially has at least two factors 1 and itself. If a number has no factor other than 1 and itself, then it is said to be a prime number. No other numbers can divide evenly into them without a remainder.

Other examples of prime numbers are 2, 3, 5, 7, 11...

Numbers which have more than two factors are called composite numbers.  Examples of composite numbers are 4, 6, 8, 9, and 10. 
N. B.  The numbers 0 and 1 are neither prime nor composite numbers

Prime factors

Factors of 24 are 1, 2, 3, 4, 6, 8, 12 and 24. Of these 2 and 3 are prime numbers, and are therefore called prime factors of 24. A prime factor can be defined as a factor that is a prime number.

What are the prime factors of 30?

30=1×30, 2×15, 3×10 and 5×6

The factors of 30 are 1, 2, 3, 5, 6, 10, 15 and 30. The prime factors of 30 are therefore 2, 3 and 5.

Find the prime factors of: 42 and 78

Are your answers the same as below?

1. 42=1×42, 2×21, 3×14, 6×7

The factors of 42 are 1, 2, 3, 7, 14, 21 and 42. The prime factors of 42 are therefore 2, 3 and 7.

2. 78=1×78, 2×39, 3×26 and 6×13

The factors of 78 are 1, 2, 3, 6, 13, 26, 39 and 78. The prime factors are therefore 2, 3 and 13. A number can be expressed as a product of prime factors. To express 40 as a product of prime factors, we do it as follows:                                        
	2
	40
	We divide 40 by 2, giving 20 

	2
	20
	We divide 20 by 2, giving 10

	2
	10
	We divide 10 by 2, giving 5

	5
	5
	We divide 5 by 5, giving 1

	
	1
	We cannot divide 1 by anything


Do you see how we divided 40 by only prime factors until we can divide no longer? Therefore, 40 expressed as a product of prime factors is: 40=2×2×2×5

Let us try another example, this time to express 84 as a product of prime factors.
	2
	84
	We divide 84 by 2, giving 42

	2
	42
	We divide 42 by 2,giving 21

	3
	21
	We divide 21 by 3, giving 7

	7
	7
	We divide 7 by 7, giving 1

	
	1
	


Therefore 84=2×2×3×7, expressed as a product of prime factors.

Now you try. Express the following as products of prime factors: 36 and 90. Do not look below until you have tried them on your own! Then check your answers.

	2
	36

	2
	18

	3
	9

	3
	3

	
	1


36= 2×2×3×3

	2
	90

	5
	45

	3
	9

	3
	3

	
	1


90=2×5×3×3

How did you fare? Don’t you find that expressing a number as prime factors is quite interesting?

 Highest Common Factors (HCF)

When we write factors of 12 and 18, we get the following:

The factors of 12 are 1, 2, 3, 4, 6 and 12.

The factors of 18 are 1, 2, 3, 6, 9 and 18.

You can see that the two numbers have some factors in common that belong to both. These common factors are 1, 2, 3 and 6. The largest of these common factors is 6, so we say that the highest common factor, or HCF, of 12 and 18 is 6.

What is the highest common factor of 28 and 35?

The factors of 28 are 1, 2, 4, 7, 14 and 28

The factors of 35 are 1, 5, 7 and 35

Now see which factors the two numbers have in common.

Of the factors of 28 and 35, the ones common which are common are 1 and 7.

It is easy to see that the HCF of 28 and 35 is 7

Instead of listing the factors of the numbers to determine the HCF, we can also determine it by using prime factors.

In this method we first express the given numbers as products of prime factors, as we saw in the last lesson.

Find the HCF of 12 and 18. To begin, express the two numbers as products of prime factors:

	2
	18

	 3
	9

	3
	3

	
	1


18=2×3×3

	2
	12

	2
	6

	3
	3

	
	1


12=2×2×3

Now that we have both numbers expressed as prime factors, choose those which are in common. We have circled them above.

The HCF of 12 and 18 is the product of these prime factors. Therefore, the HCF of 12 and 18 is 2×3=6.

What is the HCF of 54 and 90?

First express the two numbers as prime factors.

	2
	54

	3
	27

	3
	9

	3
	3

	
	1


54=2×3×3×3
	2
	90

	3
	45

	3
	15

	5
	5

	
	1


90=2×3×3×5

Then find the common prime factors the two numbers share. You will discover that 2 and 3 and they have been underlined as above.

To find the HCF, multiply the common prime factors together. 2×3×3=18

The HCF of 54 and 90 is 18

Now you try finding the highest common factors of the following sets of number:

(1) 15 and 25
(2)6 and 8
(3) 4, 12 and 16
Multiples
Multiple of a number is defined as a number that is obtained by the multiplication of that number and some other number. We can say that the list of multiples of a number is actually the list of the products of that particular number with another whole number. The multiple is formed by multiplying a number and an integer. More mathematically speaking, a numbers y is called the multiple of x if y = n x, where n is some integer. 

If we multiply a given number by each and every element of the set of natural numbers (1, 2, 3, 4, 5...), the numbers we obtain by these multiplications are called multiples .A multiple of a number is obtained by multiplying that number by another.

For example,

 The multiples of 3 would be (3×1) =3, (3×2) = 6, (4×3) =12, (3×3) = 9... You can see that all these multiples have 3 as a common factor. In other words they can all be divided by 3 without leaving a remainder.

What are the first 5 multiples of?

(a) 4

(b) 12

The first five multiples are:

 (a) 4, 8, 12, 16, 20,
(b) 12, 24, 36, 48, 60

 Lowest Common Multiples (LCM)
If we list the multiples of two numbers, such as we just did in the examples above, we can compare them to see which multiples they have in common.

If we look at the multiples of, for example, 3 and 5, we have:

Multiples of 3:3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33, 36...

Multiples of 5: 5, 10, 15, 20, 25, 30, 35....

Can you see which multiples 3 and 5 have common? In those listed we can see that both 15 and 30 are common multiples of the two. The lowest of these multiples, of LCM, is 15.

Therefore we say that the LCM of 3 and 5 is 15. The lowest common multiple of two or more numbers is the smallest number which is a multiple of numbers          
Differences

(a)A factor of a number is the number that when divides the given number leaves no remainder. i.e. 1, 2 and 4 are the factors of 4 since each of which fully divide 4 and do not leave any remainder. We can say that a factor is a number that is obtained by division 
On the other hand, a multiple is a number which is multiplied to given number and convert it into another, i.e. the multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32 etc. So, we can say that a multiple of a number is obtained by multiplication 
(b) The list of factors of a number starts from 1 and ends at itself. While, the list of multiples of a numbers starts from itself and is endless. In other words, there are a finite number of factors and infinite number of multiples of a number.
(c) If there are two numbers x and y and x is a factor of y, then y will necessarily be a multiple of x.
More generally, if for two integers x and y, x is a factor of y, then 
(i) x will divide y 
(ii) y will be divisible by x
(d) For a factor, 1 and itself are necessarily factors of a number. While; for a multiple, each number is a multiple of itself and 0 is a multiple of every number.
(e) Both the factors and multiples are supposed to be the whole numbers. Any number may be a multiple and a factor also. If the numbers x and y are multiples of A, then 

(x + y) and (x - y) will also be the multiples of A.
Finding factors

In order to find factors of a number, you need to find all the numbers that evenly divide that given number. Start with 1 which will essentially be a factor of any number. The go to the next number till when you reach the same number, since any number is a factor of itself.

Finding multiples

Here you are required to multiply the given number by each integer starting from 1. The answers you get are the multiples of a number. Usually the list of multiples of a numbers is infinite (endless).
Example1

 Find the factors as well as multiples of 6.

Solution 

 Factor of 6 are : 1, 2, 3, 6

Multiples of 6 are : 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, ...
Example 2

 List the factors of 36.

Solution: 
Factors of 36 are 
36[image: image56.png]


1 =36

36[image: image58.png]


 =18

36[image: image60.png]


 =12

36[image: image62.png]


=9

36[image: image64.png]


6 =6
Therefore, the factors of 36 are
1, 2, 3, 4, 6, 9, 12, 18 and 36.
Example3
Find first 15 multiples of 7.
Solution 

7 x 1 = 7
7 x 2 = 14
7 x 3 = 21
7 x 4 = 28
7 x 5 = 35
7 x 6 = 42
7 x 7 = 49
7 x 8 = 56

7 x 9 = 63
7 x 10 = 70
7 x 11 = 77
7 x 12 = 84
7 x 13 = 91
7 x 14 = 98
7 x 15 = 105

Therefore, first 15 multiples of 7 are
7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98 and 105.
Activity
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Activity
	Q1.Find all the factors of the following numbers.

(i) 14

(ii) 40

(iii) 17

(iv ) 66

Q2.Find the highest common factors of the following sets of number:

(a) 10 and 25
(b) 4, 6 and 8
(c)  2, 4, 12 and 16

Q3.Find the LCM of the following numbers.

(a) 4,5 , 12

(b) 24,30,60

(c) 3,4,40,60

Q6.A green light flashes every 6 seconds, a blue light every 10 seconds, and a white light every 15 seconds. They start flashing at the same time. After how many seconds will they flash:

(i) Together again

(ii) Together for the third time?

Q7. Express the following as a product of it’s prime numbers:

(a) 72

(b) 200


	


Reflection

	[image: image66.png]



Reflection
	Now that you have learnt about number theory, how would you apply them to  real life situations


	Unit Summary
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Summary
	In this unit you learned about factors, multiples and composite numbers under number theory.

· The factors of a given number are those numbers which divide into the given number exactly without any remainder.

· The multiples of a given number are those numbers into which the given number divides exactly with no remainder (that is the given number's times table).

Duncan & Christine Graham(1998).Revise Mathematics,  Charles Letts & Co Ltd, U.K.
https://www.mathsisfun.com/definitions/factor.html 18/06/2019.

https://www.reference.com/education/multiple-math-ba9bfbd8282ce9a7  18/06/2019
Unit summary 



Unit 5
Set Theory

Introduction

Sets are the fundamental property of mathematics. But it's only when we apply sets in different situations do they become the powerful building block of mathematics that they are.  In this unit, various sets of numbers are introduced. 
Upon completion of this unit you will be able to;
	Outcomes[image: image68.jpg]



Outcomes
	· explain what a set is

· present sets in various ways

· explain different type of sets

· carry out operations on sets

·  apply set theory to real life situations
· evaluate set operations



Basic Concepts and Operations on Set Theory

Set theory is a branch of mathematical objects and it can be used to define nearly all mathematical objects.

A set is a well-defined collection of distinct objects considered as an object in its own right. These objects are suppose to be well defined. For instance, if you have five apples, five oranges, and five mangoes, you can decide to put mangoes in basket A, oranges in basket B and apples in basket C. So we can say we have three sets of fruits. Similarly, the numbers 1,4 and 9 are distinct objects when considered separately, but when considered collectively they form a single set of 3 elements written as { 1,4,9} and it is a set of perfect square numbers. In mathematics two objects are distinct if they are not equal.
The following are some of the examples of sets of numbers.

Set of even numbers: {..., -4, -2, 0, 2, 4,...}
Set of odd numbers: {..., -3, -1, 1, 3, ...}
Set of prime numbers: {2, 3, 5, 7, 11, 13, 17, ...}
Positive multiples of 3 that are less than 10: {3, 6, 9}And the list goes on.

 We can come up with all different types of sets.
Set Notation

When talking about sets, we use capital letters to represent the set, and lowercase letters to represent an element in that set.

Universal set 

The universal set is the set which contains everything under discussion. The symbol used for the universal set is E. For instance, if you are talking about different dogs, black dogs, curly- haired dogs, sheep- dogs, poodles,…..then the universal set would be the set of all dogs .All other sets in the discussion will be subsets of the universal set E. 

Example 

Consider the following sets.

A = {x: x is a learner at your school}  

B= {y: y is a male learner at your school}

C = {z: z is a female learner at your school}

D = {a: a is a learner of class Xll in your school}

From the above example, it is clear that the set B, C, D are subsets of A. So set A can be considered as the universal set for this particular set.

 Representation of a set

Below are some methods to represent a set.

(i) Roster method (Tabular form)

In this method a set is represented by listing all its elements, separating these by commas and enclosing these in curly bracket. The curly brackets {  } are sometimes called “set brackets” or “braces”. To write a set in Roster form, elements are not to be repeated. All elements are taken as distinct.

(ii) Description,

In this method you describe a set you are considering. Let A be the set of natural numbers less than 9.Here you have just described the elements you want to consider in this particular set. And these are natural numbers less than 9.

(iii) Diagrammatic(Venn diagram)

In this method you represent the required elements in a diagram.

which is called a venn diagram. Venn diagrams are useful in solving simple logical problems. In Venn diagrams, the Universal
Set ξ is represented by a rectangle and all other sets under consideration by circles within the rectangle. Venn diagrams are used to illustrate various operations like union, intersection and difference. Below is a venn diagram illustrating a union set of A  and B, which is  A u B 
[image: image69.png]&
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(iv) Set-builder notation

In this method, you represent the required set on a   number line.

Example

 Let A be the set of natural numbers less than 7,

Then A= {x: x [image: image71.png]


 W and X ≥ 0}.So this could be written as

 A= {  [image: image73.png]
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W} 
Example

Show the set of whole numbers more than or equal to zero
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Ο: Implying that an element is not included and if it is shaded

  then it is included in that particular set. So in this case zero is included because the dot on top of zero is shaded.
Finite and infinite sets 

A set is said to be finite if in counting the different elements of the set the counting process come to an end otherwise it is infinite. Any set can be finite or infinite.

Example

Let A and B be two sets where

A= {X: X is a whole number}

B = {letters of the alphabet}

Solution

 It is clear that the number of elements in set A is not finite but (infinite), while number of elements in set B is finite. A is said to be an infinite set and B is said to be finite.

A set is said to be finite if its elements can be counted and it is said to be infinite if it is not possible to count up to its last element.

Empty (Null) Set: A set with no elements is an empty or null set. We denote such a set by [image: image80.png]


 or { }. 

Example, A = {x is odd; x2 = 4}

                 A = {x: x2 = 4, x is odd}

 Singleton set
 Consider the following set:

A = {x: x is an even prime number}

As there is only one even prime number namely 2, so set A will have only one element. Such a set is called singleton. So here A = {2}.Therefore, a set with only one element is known as a singleton.

Equal and equivalent sets

Two sets are said to be
 equivalent sets if they have same number of elements, but they are said to be equal if they have not only the same number of elements but the elements are also the same .For instance, if A = {1, 2}, B = {2, 1}, D = {a, b}, here set A and B are said to be equal in that the elements are the same despite the order of the elements. But set A and set D are equivalent.

Two sets are equal if they have precisely the same members and equal number of elements.
Example

Are A and B equal sets?

(i) A is the set of first positive whole numbers

(ii) B = { 4,2,1,3}

When you check you will notice that they both contain 1,2,3, and 4.So they are equal. 
And the equals sign (=) is used to show equality, so we write:

A = B and for equivalent we write [image: image82.png]AX¥DorA <
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Disjoint sets

 Two sets are disjoint if they do not have any common element in them.


Subset
 If A and B are any two sets such that each element of the set  A is an element of the set B also, then A is said to be a subset of B. When we define a set, if we take pieces (elements) of that set, we can form what is called a subset.

Example 1: Find subsets of the set {1, 2, 3}

Solution

Subsets of this set are { },{1}, {2}, {3}, {1,2}, {1,3}, {2,3},and {1,2,3}.

But {1, 6} is not a subset, since it has an element (6) which is not in the parent set.
In general, A is a subset of B if and only if every element of A is in B.
Example 2 
Is A, a subset of B, where A = {1, 3, 4} and B = {1, 4, 3, 2}?

Solution:
1 is in A, and 1 is in B as well. 

3 is in A and 3 is also in B.

4 is in A, and 4 is in B.

That's all the elements of A, and every single one is in B, so we're done.

Yes, A is a subset of B

Note that 2 is in B, but 2 is not in A. But remember, that doesn't matter; we only look at the elements in A.

Example 3

 Let A be all multiples of 4 and B be all multiples of 2. 

(i)Is A, a subset of B? 

(ii)Is B, a subset of A?

solution

Well, we can't check every element in these sets, because they have an infinite number of elements. So we need to get an idea of what the elements look like in each, and then compare them.

The sets are:

A = {..., -8, -4, 0, 4, 8, ...}
B = { ……, -8,-4,-2, 0, 4, 8, …………….,}

By pairing off members of the two sets, we can see that every member of A is also a member of B, but every member of B is not a member 

of A

So A is a subset of B , but B is not a subset of A
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A is a proper subset of B if and only if every element in A is also in B, and there exists at least one element in B that is not in A.
Example 4

{1, 2, 3} is a subset of {1, 2, 3}, but is not a proper subset of {1, 2, 3}.

Example 5


{1, 2, 3} is a proper subset of {1, 2, 3, 4} because the element 4 is not in the first set.

Notice that if A is a proper subset of B, then it is also a subset of B.

When we say that A is a subset of B, we write A [image: image84.png]


 B.

Or we can say that A is not a subset of B by A [image: image85.png]


 B ("A is not a subset of B")

When we talk about proper subsets, we take out the line underneath and so it becomes A [image: image86.png]


 B or if we want to say the opposite, A [image: image87.png]


 B.

It takes an introduction to logic to understand this, but this statement is one that is "blankly" or "irrelevantly" true.

Super set

If set A is a subset of B, then B is called super set of A. It is denoted by
[image: image88.wmf]É
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B 
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A and read as B is called a super set of A.

Power set 

The set of all subsets of a set A is the power set of the set A and is denoted by P (A).

The empty set is a subset of every set, including the empty set itself.
Order (Cardinality) 
Cardinality is the number of elements in a given set and the order dose not matter of the elements in a set. Order is the arrangement of elements in a set.
Example:

{1,2,3,4} is the same set as {3.2,1,4} So you can see that the order does not affect any thing, the set will still be the same. However, when it come to its cardinality here you count the number of elements in that given set. So for this particular finite set the its cardinality we say its has order 4. You count the individual elements in a set.
Example: Given B= {10,20,30,40} has an order of 4 and the symbol denoted by this is ∩(B) = 4.
For infinite sets, all we can say is that the order is infinite
Number of Subsets

Example

Write the number of subsets of set A = {4, 5, 3, 7}

Solution

A = {4, 5, 3, 7} 

So, n(A) = 4

Number of subsets is given by the formula 2n 
So, number of subsets of set A = 24 =16

Set Operations 

Union set

The Union of two sets A and B is the set of elements which belong to either A or B or both of them and is written A U B. . Let A and B be sets. The union of A and B is the set of elements belonging to either A or B: A∪B = {x: (x ∈ A) or (x ∈ B)}
 Example

Given  A= { 2,5,7} and B = { 1,2 5,8},then the union set of the two will be a combination of the elements in A and B as shown in the diagram below. 
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So, again, the Universal set is important
Intersection of A and B

The intersection of A and B is the set of elements belonging to both A and B:

 A∩B = {x: (x ∈ A) and (x ∈ B)}.

  Using the diagram above on union set, were A = {2, 5, 7} and B = {1, 2, 5, 8} the intersection of A and B will be the set of common elements so when you compare the two set you will see that

 A ∩ B = {2, 5}.

Consider this the diagram below, you will notice that the two student Casey and Drew play both soccer and Tennis. Thus for soccer set = {casey, drew} and Tennis set = {casey, drew}. Therefore, the intersection set for the two games will be {casey, drew}. Thus Soccer ∩ Tennis = { casey, drew}. It’s the shaded region in the diagram between the two sets.

    [image: image91.png]


                

Soccer ∩ Tennis = { casey, drew}
Complement set

Given a set A, the complement (in the Universal set E) Ac is the set of all elements of E that are not in A. So Ac = {x: x  
[image: image92.wmf]Ï

 A}. Using the venn diagram below were the Universal is denoted by U and set A be a set such that A ⸦ U. Then the complement of A with respect to U is denoted by A′ is the set of all elements of U which are not in A implying that U ₋ A = A′ 
Thus, A′ = {x ∈ U: X
[image: image93.wmf]Ï

 A} implying that x ∈ A′ ⇒ X
[image: image94.wmf]Ï

A. 
Bottom of Form



Example 1: Let A = {1, 2, 3}. If E = N then Ac = {4, 5, 6,...}.

Example 2:

Let x denote the universal set and Y, Z its subset where 

X = {x: x is any member of the family}

Y = {x: x is a male member of the family}

Z = {x: x is a female member of the family}

X – Y is a set having female members of the family.

X – Z is a set having male members of the family.

X – Y is said to be the complement of Y and is usually denoted by Y’ or Yc 
X – Z is said to be complement of Z and denoted by Z’ or Zc 

If E is the universal set and A is its subset then the complement of A is a set of those elements which are in E and  not in A .It is denoted by A ‘ or Ac .

Aʹ = E – A= {x: x 
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 E and x 
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A}. 
Difference of A and B

The difference of A and B is the set of elements of A that do not belong to B, So (A – B) is the complement of B relative to A.   
A-B = {x: (x ∈ A) and (x 
[image: image98.wmf]Ï

 B)} = {x: (x ∈ A) and (x ∈ B’)} by deﬁnition of complement = A∩B’ by deﬁnition of intersection.

Note that in general it is not true that A- B and B - A are equal. The symmetric difference of A and B is the set of elements that belong to A or B but not both.
De Morgan’s laws
The complement of the union of two sets is equal to the intersection of their complements and the complement of the intersection of two sets is equal to the union of their complements. These are called De Morgan’s laws.

For any two finite sets A and B;

(i) (A U B)' = A' ∩ B' (which is a De Morgan's law of union).

(ii) (A ∩ B)' = A' U B' (which is a De Morgan's law of intersection).

Here we will learn how to proof De Morgan’s law of union and intersection.

Proof of De Morgan’s law: (A U B)' = A' ∩ B'

Let P = (A U B)' and Q = A' ∩ B'

Let x be an arbitrary element of P then x ∈ P ⇒ x ∈ (A U B)'

⇒ x ∉ (A U B)

⇒ x ∉ A and x ∉ B

⇒ x ∈ A' and x ∈ B'

⇒ x ∈ A' ∩ B'

⇒ x ∈ Q

Therefore, P ⊂ Q …………….. (i)

Again, let y be an arbitrary element of Q then y ∈ Q ⇒ y ∈ A' ∩ B'

⇒ y ∈ A' and y ∈ B'

⇒ y ∉ A and y ∉ B

⇒ y ∉ (A U B)

⇒ y ∈ (A U B)'

⇒ y ∈ P

Therefore, Q ⊂ P …………….. (ii)

Now combine (i) and (ii) we get; P = Q i.e. (A U B)' = A' ∩ B'

Proof of De Morgan’s law: (A ∩ B)' = A' U B'

Let M = (A ∩ B)' and N = A' U B'

Let x be an arbitrary element of M then x ∈ M ⇒ x ∈ (A ∩ B)'

⇒ x ∉ (A ∩ B)

⇒ x ∉ A or x ∉ B

⇒ x ∈ A' or x ∈ B'

⇒ x ∈ A' U B'

⇒ x ∈ N

Therefore, M ⊂ N …………….. (i)

Again, let y be an arbitrary element of N then y ∈ N ⇒ y ∈ A' U B'

⇒ y ∈ A' or y ∈ B'

⇒ y ∉ A or y ∉ B

⇒ y ∉ (A ∩ B)

⇒ y ∈ (A ∩ B)'

⇒ y ∈ M

Therefore, N ⊂ M …………….. (ii)

Now combine (i) and (ii) we get; M = N i.e. (A ∩ B)' = A' U B'

Example

1. If U = {j, k, l, m, n}, X = {j, k, m} and Y = {k, m, n}.

Proof of De Morgan's law: (X ∩ Y)' = X' U Y'.

Solution: 
We know,  U = {j, k, l, m, n}

X = {j, k, m}

Y = {k, m, n}

(X ∩ Y) = {j, k, m} ∩ {k, m, n}           

              = {k,m} 
Therefore, (X ∩ Y)' = {j, l, n} ……………….. (i)

Again, X = {j, k, m} so, X' = {l, n}

and    Y = {k, m, n} so, Y' = {j, l}
X' ∪ Y'={l,n} ∪ {j,l}

Therefore,  X' ∪ Y' = {j, l, n}   ……………….. (ii)
Combining (i) and (ii) we get;
(X ∩ Y)' = X' U Y'.

3. Let U = {1, 2, 3, 4, 5, 6, 7, 8}, P = {4, 5, 6} and Q = {5, 6, 8}. 
Show that (P ∪ Q)' = P' ∩ Q'.
Solution:
We know, U = {1, 2, 3, 4, 5, 6, 7, 8}
P = {4, 5, 6}

Q = {5, 6, 8}
P ∪ Q = {4, 5, 6} ∪ {5, 6, 8} 
         = {4, 5, 6, 8}
Therefore, (P ∪ Q)' = {1, 2, 3, 7}   ……………….. (i)
Now P = {4, 5, 6} so, P' = {1, 2, 3, 7, 8}
and Q = {5, 6, 8} so, Q' = {1, 2, 3, 4, 7}
P' ∩ Q' = {1, 2, 3, 7, 8} ∩ {1, 2, 3, 4, 7}
Therefore, P' ∩ Q' = {1, 2, 3, 7}   ……………….. (ii)
Combining (i)and (ii) we get;

(P ∪ Q)' = P' ∩ Q'.    
   Some properties of intersection and union of sets

1. Commutative property

    For any sets A and B, we have

(i) AUB = BUA

(ii) A∩B = B∩A

2. Associative property

    For any sets A, B and C:

(i) AU(BUC) = (AUB)UC

(ii) A∩(B∩C) = (A∩B)∩C

3. Distributive property

   For any sets A, B and C

(i) A∩(BUC) = (A∩B) U (A∩C)

(ii) AU(B∩C) = (AUB) ∩ (AUC)

4. De Morgan’s laws

For any sets A and B, we have:

(i) (AUB)’ = A’ ∩ B’

(ii) (A∩B)’ = A’ U B’
Here we will learn how to proof of De Morgan’s law of union and intersection.

1. Write each of the following sets in the Roster form:

a) A= {x: x ϵ Z and -5≤x≤0}

b) B= {x: x ϵ R and [image: image100.png]


-1=0}

c) C= {x: x is a letter of the word banana}

d) D= {x: x is a prime number and exact divisor of 60}

2. Write each of the following sets in set builder form. Are A and B joint sets?

a) A= {2, 4, 6, 8, 10}

b) B= {3, 6, 9….ꝏ}

c) C= {2, 3, 5, 7}

d) D= {[image: image102.png]


}

3. Which of the following sets are finite and which are infinite?

a) Set of lines which are parallel to a given line.

b) Set of animal on earth.

c) Set of natural numbers less than or equal to fifty.

d) Set of points on a circle.

4. Which of the following are null or singleton?

a) A= {x: x ϵ R and x is a solution of [image: image104.png]


+2=0}

b) B= {x: xϵ Z and x is a solution of x-3=0}

c) C= {x: x ϵ Z and x is a solution of [image: image106.png]


-2=0}

d) D= {x: x is a student of your school studying in both classes XI and XII}

5. In the following check whether A=B or A≠B.

a) A={a}, B= {x: x is an even prime number }

b) A= {1, 2, 3, 4}, B= { x: x is a letter of the word guava}

c) A= {x: x is a solution of [image: image108.png]


-5x+6=0}, B= {2, 3}

6. Which of the following pairs of sets are disjoint and which are not?

i. {x: x is an even natural number}, {y: y is an odd natural number}

ii. {x: x is a prime number and a divisor off 12}, {y: y ϵ N and 3≤y≤5}

iii. {x: x is a king of 52 playing cards}, {y: y is a diamond of 52 playing cards}

iv. {1, 2, 3, 4,5}, {a, e, i, o, u}

7. Given that E = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, A = {2, 4, 6, 8, 10}, B = {1, 2, 3, 4, 5, 6} and 

     C = {2, 3, 5, 7}, illustrate this information on the Venn diagram.

8. List each of the following sets:
(i) A = {x| x ∈ N, x ≤ 9} 
(ii) (ii) B = {x| x ∈ prime numbers, x < 25}.

9.  Let E = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, A = {1, 2, 3, 4, 5}, B = {2, 3, 5, 7} and C = {3, 4, 5, 6, 7, 8}. 
Show that:

(i) (AUB)’ = A’ ∩ B’

(ii) (A∩B)’ = A’ U B’

(iii) AU(B∩C) = (AUB) ∩ (AUC)

(iv) A∩(BUC) = (A∩B) U (A∩C)

10. Write each of the following sets in the Roster form:

      A= {x: x ϵ Z and -5≤x≤0}

       B= {x: x ϵ R and [image: image110.png]


-1=0}

       C= {x: x is a letter of the word banana}

       D= {x: x is a prime number and exact divisor of 60}

Reflection

	[image: image111.png]



Reflection
	After studying through this unit, think and write down the strategies you can use to teach sets to pre-school learners in a simplified way without diluting the concept of sets.




     Unit Summary
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Summary
	In this unit you learned that  set is a collection of well-defined objects called members or elements




· The universal set E contains all possible elements that are being considered

· A ∩ B, A intersection B, is a set  whose elements belong to both A and B
· AUB, A union B, is a set whose elements belong to either A or B, or to both of them

· A = B, set A is equal to set B if they contain exactly the same elements

· A⟺B, set A is equivalent to set B if the number of elements in A is the same as those in set B: n(A) = n(B)

· A’, the complement of set A with respect to the universal set E, is the set of elements in E that do not belong to A.

· x∈A, x is a member of A or x belongs to A

· x∉A, x is not a member of A or x does  not belong to A

· B∁A, B is a subset of A, i.e. every member of B belongs to A

· { } or ∅, an empty set

· B₵A, B is not a subset of A: not all or none of the members of B belong to A
Key References
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Unit 6
Patterns and Sequences 
Introduction

A pattern is a repeating arrangement of numbers, colors and shape.

It’s structure can be identified as the way in which a pattern is systematized. The use of patterning contexts in the early years gives students the opportunity to apply rules and reason mathematically. The first pattern that is introduced in the preschool classroom is called an AB pattern. This means that two different objects line up in an alternating pattern, such as: orange (A), banana (B), orange (A), banana (B), and so on. See the picture below.
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        Picture 7

As comfort with patterns grows, the patterns will become more complex, moving to an ABC pattern or an AAB pattern.

Raise your child’s awareness of the patterns she encounters in everyday situations. Through an understanding of patterns, children are able to make predictions about what comes next. Just as a child can predict that a red bead will come next after seeing a string with a red bead, blue bead, green bead, red bead, blue bead, green bead pattern, a child will be able to make accurate predictions about other things or events that occur with regularity. For example, predicting what comes next after eating lunch (cleaning up) or after taking a bath (putting on clean clothes) will help a child maneuver more confidently in his environment.

Tessellations

Tessellations are geometric patterns that repeat with no overlaps or gaps. Shapes such as triangles, squares and hexagons can tessellate. Point out the repeating patterns of tessellations in the fabrics of quilts and clothing and have your child create his own patterns on paper. You can point out 

tessellating patterns on many items, from soccer balls and checkerboards to floor and ceiling tiles and brick walls.
Rhythm

When a child keeps a beat, claps or stomps her feet, she is patterning. When she claps twice and stomps three times, for example, you can teach her to re-create that pattern on paper with letters, AA BBB. Rhythmic movements, such as skipping and dancing are based on mathematical patterns. You can heighten your child’s awareness of recognizing and then extending patterns by asking, "What comes next?"

Symmetry

A figure that can be folded to create identical parts has a symmetrical pattern. The fold line is the line of symmetry and can be horizontal, vertical or diagonal. You can point out the symmetrical patterns your child comes across, such as in nature and architecture. Butterflies have bilateral symmetry, for example, and you can encourage your child to create a butterfly using a folded paper. When you take a walk, you can pick up leaves and fold them to show symmetrical patterns. Children can also see that people are typically symmetrical, with matching eyes, arms and legs.

Weather

Your child can recognize patterns in weather. Temperature, precipitation and wind patterns change in sequence throughout the seasons. You can point out the patterns on weather graphs on TV and the computer and then have your child make predictions about the local forecast based on the weather patterns that have developed during the previous weeks.

Upon completion of this unit you will be able to;
	Outcomes
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Outcomes
	· describe different types of patterns.
· create different patterns.

· explain the different types of functions
·  create different patterns using available shapes.



Types of patterns  
Patterns lend themselves to three general types: Repeating patterns, growing patterns and relationship patterns. It can be long or short sequence. But fundamental to this is young students’ ability to discern the structure of the pattern.

Repeating pattern
Mathematically, the most important dimensions of an exploration of repeating pattern is the identification of the repeating part, and the translation of these patterns to other modes of representations. In repeating patterns the core elements repeats.. An example of a repeating pattern is red red blue red red blue red red blue where red red blue is the discernible unit of repeat.  

Patterns can be numerical,(involving numbers) known as  repeating number patterns. Having many numbers repeating over and over like 12345 12345 12345 is an example of a repeating number pattern. You can also have as little as one number repeating e.g :2222222222222.

 In non numerical we can relate this to shapes, sound or other attributes such as colour or position}. Check an example below in the diagram involving shapes.
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Picture 10
 Growing Patterns

In growing patterns the core element is used as a building block to create larger elements. Growing patterns include geometric shapes as well as numbers. Below are examples of growing patterns.



Picture 11



Creating Patterns

Patterns are things—numbers, shapes, images—that repeat in a logical way. Patterns help children learn to make predictions, to understand what comes next, to make logical connections, and to use reasoning skills. Having children copy patterns or create patterns of their own (such as red, blue, red, blue, red, blue) may seem simple, but it is a great way to help children recognize order in the world and prepare for later math skills, such as multiplication. Child care providers can begin exposing young children to patterns -- long before they are ready to learn multiplication facts -- by having them make groups and count the total number of objects. For example, four groups of three objects each make a total of 12 objects (4 X 3) = 12
Ordering, sequencing, and patterning are important foundational skills for mathematics. Child care providers can build young children's early math skills by helping them learn sequencing, seriation, and patterning.



Parents are encouraged to provide learning opportunities that are engaging and relevant to their children. 

Picture13:https:/media.buzzle.com/media/images- photos/human-expressions/kids/
1200-41143093-child-learning-in-school,jpg 26/07/2019
Sequencing is the ability to create and identify patterns. For example, children may stack blocks in a pattern of red, blue, red, blue, and so on. As adults, using calendars is one way we use sequencing skills. We look at a calendar and look for the pattern that helps us predict what day or month comes next. For preschoolers, sequencing means knowing which number comes next.

Seriation is arranging objects in order by size, location or position. Have you ever asked children to arrange objects from smallest to largest, largest to smallest, shortest to tallest or thinnest to thickest? You’ve been teaching seriation. Young children who understand seriation can put numbers in order from lowest to highest, smallest to largest. Eventually, they will come to understand that 6 is higher than 5 or 20 is higher than 10.
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Picture 14: Chalimbana ECE Demo School
Activity

	[image: image120.png]



Activity
	Q1.Color the counters  and extend the patterns below:








	 


Reflection
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Reflection
	Now that you have learnt about patterns, functions and algebra, how do you apply these in real life situations? Use your local resources in your area to come up with different patterns.



Unit summary
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Summary
	 In this unit we have learnt 

· About patterns, functions and algebra. That patterns and functions are all around us, though learners do not always realize this.

· That algebraic tools allows us to express these functional relationships very effectively. 

· Mathematics instructional programs should include attention to patterns, functions, and algebra so that all students understand various types of patterns and functional relationships.
· Should develop an early understanding of basic mathematics skills  ,mathematical situations and structures; 

· Use of mathematical models and analyzes 

· Use symbolic forms interms of algebra to represent and analyze   change in both real and abstract contexts.

Balakrishnan J.D., & Ashby F.G. (1992). Subitizing: Magical numbers or mere superstition? Psychological Research, 54, 80–90.

NCTM Standard 2 (1998) sets the purpose of patterns, functions, and algebra in mathematics education at all grade levels.

https://www.bing.com/images/search?view=detailV2&ccid=MetbWUZv&id=EE72BB0940CFB92D28F28C40D2A3D9AD85377856&th
https://www.bing.com/images/search accessed 11/05/19
 
	


Unit 7
Relation and Functions
Relation
A relation in mathematics defines the relationship between two different sets of information. If two sets are considered, the relation between them will be established if there is a connection between the elements of two or more non-empty sets.
What are the different types of relation in math?

Let us discuss the other types of relations here. In Maths, the relation is the relationship between two or more set of values. Suppose, x and y are two sets of ordered pairs. And set x has relation with set y, then the values of set x are called domain whereas the values of set y are called range. There are 8 main types of relations which include:
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Activities
1. What is the domain of this set of ordered pairs?
{ (4, 8), (6, -3), (1, 7), (-12, 5) }

2. When it comes to relations in math, the range is the set of
3. Find the Domain and Range of a Relation
(a)
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(b){( 1,4),( 2,8),(3,12),(4,16),(5,20)}
( c) {(1,4), (2,8),(3,12), (4,16), (5,20)}
(d){(1,7),(5,3),(7,9),(-2.-3),(1.7)}
(e){(11,3),(−2,−7),(4,−8),(4,17),(−6,9)}
(f){(1,−2),(2,−4),(3,−6),(4,−8),(5,−10)}
4. using the graphs of the relation below:
(a) list the ordered pairs of the relation 

(b). find the domain of the relation

 (c). find the range of the relation.
(i)
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Functions

A function is a mapping from a set of inputs to a set of possible outputs. Functions are based on a set of ordered pairs, where the first element in each pair is from the input (domain) and the second is from the output ( codomain).It relates an input to an output.
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	It is like a machine that has an input and an output. 

.


You put something in, you get something out: It's a pretty basic machine, you put something in your function does something to it, and you get something out. Now, since a function is a part of math we usually talk about numbers, you put a number into your machine, it does something to that number and it gives you the new number So your imaginary machine takes a number in, applies some rule to it, and then 

spits out whatever that rule says. 
	  f(x)  
	"f(x) = ... " is the classic way of writing a function. 
And there are other ways, as you will see!


There are many ways to think about functions, but there are always three main parts:

· The input

· The relationship

· The output

Everything we do in math is functions: When you add, divide multiply, and subtract two numbers, that's a function. Each of those things is taking your input, applying a rule, and giving you the result. That's a function. It isn't something totally new, it's just a way to generalize what we already do to any new numbers. The most common name is "f", for a function but we can have other names like "g" or any other letter if we want. But let's use "f":

what goes into the function is put inside ( ) after the name of the function: see the example below.
Example 

x    mapped to          y =  f (x+1)
1                               2
2                               3
3                               4

etc
Here X is the domain set (input), While Y is the range set (output) and f(x+1) is the relationship(rule).A function relates each element of a set with exactly one element of another set (possibly the same set).

	1.
	"...each element..." means that every element in X is related to some element in Y. We say that the function covers X (relates every element of it).

(But some elements of Y might not be related  at all, which is fine.)


	2.
	"...exactly one..." means that a function is single valued. It will not give back 2 or more results for the same input


	"One-to-many" is not allowed, but "many-to-one" is allowed:


Example: The relationship x → x2 
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Could also be written as a table:

	X: x
	Y: x2

	3
	9

	1
	1

	0
	0

	4
	16

	-4
	16

	...
	...


It is a function, because:

· Every element in X is related to Y

· No element in X has two or more relationships

So it follows the rules.
Example: This relationship is not a function:
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It is a relationship, but it is not a function, for these reasons:

· Value "3" in X has no relation in Y

· Value "4" in X has no relation in Y

· Value "5" is related to more than one value in Y

(But the fact that "6" in Y has no relationship does not matter) Functions have been used in mathematics for a very long time, and lots of different names and ways of writing functions have come about. 

Ordered Pairs

And here is another way to think about functions:

Write the input and output of a function as an "ordered pair", such as (4,16). 

They are called ordered pairs because the input always comes first, and the output second:

(input, output)

So it looks like this:

( x, f(x) )

Example:

(4,16) means that the function takes in "4" and gives out "16"

Set of Ordered Pairs

A function can then be defined as a set of ordered pairs:

Example: {(2,4), (3,5), (7,3)} is a function that says 

"2 is related to 4", "3 is related to 5" and "7 is related 3". 

Also, notice that:

· the domain is {2,3,7} (the input values)

· and the range is {4,5,3} (the output values)

But the function has to be single valued, so we also say 

"if it contains (a, b) and (a, c), then b must equal c"

Which is just a way of saying that an input of "a" cannot produce two different results.

Example: {(2,4), (2,5), (7,3)} is not a function because {2,4} and {2,5} means that 2 could be related to 4 or 5. In other words it is not a function because it is not single valued. But it can be graphed because they are also coordinates.



https:www.mathfun.com/data/cartesian-cordinates-interactive.html
retrieved in June 2019.

Activity
Q1.The domain of the function f : x → 2x is A = { -2, -1, 0,1,2}

(a) Write down the range
(b) Draw the graph of f.

Q2. The function f is given by the set of pairs 

f = { (1,1),(2,3),(3,5),(4,7),(5,9)}

(a) Write down the domain and the range

(b) If x represents an element of the domain and y represents an element of the range,
(c) (i)  write down the formula for the function. 

(ii)Draw the graph of the function.

Unit 8
Algebra

It is a type of math that takes patterns within our world and makes them into equations with variables, or unknowns. Algebraic notation is used in two distinct ways: for describing what we know, and for deriving what we don’t know. What we do not know can be represented by letters called variables. However, Variables, or symbols or letters that represent a quantity, are important in algebra although   difficult to understand as an abstract concept. 
1. Algebraic thinking provides the foundation for learners to move beyond the specific computational skills to the general manipulation of symbols.
 Examples:  3 + = 7  3 + x = 7  

  2(3 + 5) = 2(3) + 2(5)
 2(a + b) = 2(a) +2(b) 

2. a) Algebraic thinking is looking for, expecting, and understanding patterns.  

b. Patterns are a vehicle that enables children to make sense of the world around them. Examples: Rhythmic patterns, seasons, phases of the moon  

c. Using patterns to solve problems is an extremely powerful tool for making connections in mathematics. 
Examples: Doubles: 2 + 2 = 4
 Doubles Plus One: 2 + 3 = 5 
Skip Counting 3, 6, 9, 12, 15, 18,... 

3. Algebraic thinking is fundamental to functioning in business, industry, science, technology and daily life.  

4. Algebraic thinking is the gatekeeper for higher mathematics and science courses.
 Example:  

• Algebra is a prerequisite to other high school mathematics courses • Success in Algebra is tied to graduation requirements 
 • The foundation for algebraic thinking must begin in Kindergarten.   

5. Algebraic thinking is a critical filter for employment and advanced training.
Unit 9

Development of geometry and spatial sense 
Introduction

The ability to accurately identify shapes is a foundational mathematical skill, and it is quite rewarding for children because their world is full of shapes. Understanding shapes will enable students to be more in tune to the world around them and see the connections between objects, as well as being better able to appreciate artistic works

Upon completion of this unit, you will be able to;
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Outcomes
	· discuss the historical development of geometrical thought

· discuss the growth of geometrical thought

· describe specific shapes.

· describe shapes in the environment.

· create original works of art using the shapes.




	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


Historical development of geometrical thought

Geometry was one of the first areas of mathematics taught to young learners. Friedrich Froebel designed a curriculum suggesting instructional practices based on the use of geometric forms and their manipulation in space. The first six gifts included balls of different colours, cubes, spheres, cylinders, and complex sets of geometric blocks that learners manipulated and observed in a series of progressive tasks. Young learners may work with shapes in art activities and puzzles and construct shapes with Legos and unit blocks, which offer rich opportunities to explore geometry and spatial relationships.  But many teachers do not emphasize spatial concepts or take advantage of the natural connections to such mathematics when they arise in their classroom.
As kindergarten has evolved the geometric focus that Friedrich Froebel emphasised on has been lost. This time only shape definitions of plane shapes are introduced, whereas manipulation of shapes and spatial exploration are generally neglected. In addition, the following have also been neglected: 

Firstly, Identification of shapes and description of spatial relationships in pre-kindergarten by doing the following: Examining shapes of objects and inspecting their relative positions; finding shapes in their environments; describing shapes in their own words; build pictures; designing by combining two- and three dimensional shapes, solving such problems as deciding which piece will fit into a space in a puzzle and discussing the relative positions of objects with vocabulary such as above, below, and next to.

Secondly, Description of shapes and space in kindergarten by doing the following: Children interpreting the physical world with geometric ideas (e.g., shape, orientation, spatial relations) and describing it with corresponding vocabulary. Children identifying, naming, and describing a variety of shapes, such as squares, triangles, circles, rectangles, (regular) hexagons, and (isosceles) trapezoids presented in a variety of ways (e.g., with different sizes or orientations), as well as such three-dimensional shapes as spheres, cubes, and cylinders. Children using basic shapes and spatial reasoning to model objects in their environment and to construct more complex shapes. 
Thirdly, in Grade 1 a child is supposed to compose and decompose geometric shapes. As they combine figures, they recognize them from different perspectives and orientations; describe their geometric attributes and properties, and determine how they are alike and different, in the process developing a background for measurement and initial understandings of such properties as congruence and symmetry.

Maria Montessori also included a strong emphasis on concrete materials as means of introducing a general principle or concept. 

Montessori believed that children gained information about the world through their senses, thus she thought that training the senses could make children more intelligent. She developed a series of sensory materials that can help children gain knowledge of the basic academic skills. Her educational materials were considered to be deeply mathematical in nature because most of the activities with the materials dealt with mathematical concepts such as comparisons, explorations, and identification of patterns, variables, sameness, and differences which were key to development of geometric thinking and knowledge. Through individual work with the manipulative materials, children learned about shape, comparison of size and quantity For instance, red and blue rods, based on a unit of the decimal system, were used to introduce arithmetic. Children compared sizes and found multiples of smaller sizes. The units were then given the number names, and children learned to trace sand paper numerals before writing them. Using golden beads, which were strung on wires organized into units of ten, then rows of ten, squares of hundreds, and cubes of thousands, allowed the children to do more elaborate mathematical operations. 
Growth of Geometric Understanding and Thought

Van Hiele and the wife came up with a theory to study creation of geometrical concepts. This theory determines the levels in geometric understanding and thought. 
The main feature of their theory is that they have determined the levels of understanding of geometrical concepts. These levels define the hierarchical structure of building knowledge. According to the authors, it is not possible to revolve any of the levels—achieving higher levels is possible only after mastery of the previous level. The levels, as defined by Van Hieles, are as follows: visual level, descriptive level, relational level, deductive level, rigour.

During the first level—the visual level—concepts develop on the basis of experiences and conscious observations from reality: learners first learn to recognize shapes then analyse their properties. The visual level is the main step in spatial knowledge; on which students recognize a figure as a whole and are able to represent it as a mind vision. Therefore, the student:
· identifies, compares, and sorts shapes on the basis of their appearance as a whole;

· solves problems using general properties and techniques (e.g., overlaying, measuring);

· uses informal language;

· does not analyse in terms of attributes.

Later students see relationships between shapes and make simple deductions. Only after these levels have been attained can they create deductive proofs.

 Shapes

The term shape refers to external boundary (outline, external surface) of an object. Did you know that our world is full of shapes and these shapes are either  geometrical or non- geometrical.

Geometrical shapes are those that have mathematical properties, measurements, and relationships of points, lines, angles and surfaces. These shapes can either be 2- dimensional (2-D) or 3-dimensinal (3-D) which are solids. Children can be helped to identify 2-dimensinal which are flat/plane like circles, triangles, squares, rectangles, and ovals. By using materials such as posters, blocks, books, and games, teachers expose children to various shapes and help them analyse two- and three-dimensional shapes in various sizes and orientations.
The following strategies and activities can help pre-schoolers learn to recognize and compare shapes.

A. Identify shapes. Introduce children to different kinds of triangles, such as equilateral, isosceles, scalene, and right. After finding them in the classroom or outdoors, children can outline the triangles with colour tape. For example, they might make right triangles red and scalene triangles blue.

B. Introduce math words. Create a math word wall or incorporate mathematical words into the existing word wall—colour-code the math words to make it easier for children to notice them. Be sure to write math words in English and in children’s home languages. Teachers can use real objects, photos, and black line drawings to define the words.

C. Compare shapes. Ask children to identify different sizes of the same shape. For example, in the classroom they could search for rectangles, such as windows, doors, books, shelves, cabinets, computer screens, table-tops, and cubbies. Next, help children think as they compare the sizes of rectangles. The door is bigger than the cubbies. The cubbies are bigger than the book, but they are all rectangles. Encourage children to do the same with triangles, circles, and other shapes.

D. What’s the difference? Explain the differences between two-dimensional (flat) shapes and three-dimensional shapes which are (solid) shapes.

E. Create a shape-scape. Teachers and families can collect three-dimensional objects such as cans, cartons, boxes, and balls to create a shape- scape. Children can use cylinders (paper towel rolls) as tree trunks, spheres (balls) as treetops, and rectangles (cereal boxes) as buildings. Teachers and children can work together to label the shape- scape, count the number of shapes used, and plan additions to the structure.

F. Go from 3-D to 2-D. Pre-scholars can dip three-dimensional objects in paints and press them on paper to make prints. Cans, spools, candles, and drinking glasses work well. The children will see the flat shapes that make up the sides of the objects.

G. Discover shapes outdoors. Look for manhole covers, flags, windows, signs, and other distinct shapes. Working together, children and teachers can take photos of the shapes, label them in the photos, and assemble the photos into a class book.

H. Learn new vocabulary. Introduce words such as thick, thin, small, large, long, short, facet, slide, flip, and turn in English and home languages during meal and snack times. Offer snacks with various dimensions and encourage children to use comparative words when asking for food. I’d like the long carrot, please. Add these descriptive words to the word wall.

I. Play shape hockey pokey. Have each pre-scholar hold a shape and put it in the circle instead of a body part. Put your square in. Take your square out. Do the hockey pokey and turn yourself around.
J. Play a shape guessing game. Have pre-scholars play in pairs. Explain that one child will hide the shape behind her back and the other will ask questions about the shape. Does the shape have three sides? Does the shape have four angles?
K. Offer geo-board challenges. Teachers can offer geo-boards and geo-bands so children can create as many different shapes as possible. Provide an additional challenge by asking children to colour-code the shapes.

Children compose and decompose plane and solid figures (e.g., by putting two congruent isosceles triangles together to make a rhombus), thus building an understanding of part-whole relationships as well as the properties of the original and composite shapes
Once pre-scholars can correctly identify flat (square, circle, triangle, rectangle, hexagon) and solid or three-dimensional shapes (cube, cone, cylinder, sphere), they are ready to create and then take apart shapes using materials provided by their teacher.

                                        Spatial visualization 
Encourage pre-scholars to slide, flip, or turn shapes to promote problem solving and an understanding of transformations. These transformations are crucial to developing spatial visualization abilities and understanding geometry, which involves matching shapes through visualization.
Spatial orientation

As pre-scholars learn to identify objects, they can use spatial orientation vocabulary to describe the relative positions of objects. Pre-scholars should understand and be able to use positional words such as above, below, beside, in front of, behind, next to, between, on, over, under, and inside.
Activity       
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Activity
	i. Make a shape. Offer toothpicks, pipe cleaners, straws, or craft sticks as materials children can use to make into shapes. Discuss the shapes they make. That’s a triangle. How could you turn it into a square?
ii. Create new shapes. Children can glue together two or more shapes cut from paper onto a blank piece of paper to form other shapes. You glued two triangles together to form a rectangle.
iii. Create solid shapes. Children can roll, pinch, and manipulate playdough or clay to make two or more shapes. Then they can combine their creations to make new shapes.

iv. Deconstruct shapes. Children can explore how to form three-dimensional shapes. For example, let children watch as you cut rectangular containers such as cereal boxes. How many rectangles are there in the box? Then ask children to figure out how to put them back together.

v. Play with tangrams. Have several sets of tangrams and pattern cards on hand. Children can start by laying tans on each pattern. They can progress to re-creating the pattern on another surface and making up their own patterns.

vi. Build a hexagon puzzle. Cut one hexagon into trapezoids and triangles. Invite children to use those pieces to fill in another hexagon of the same size.

vii. Use the correct terms. A turn is a rotation. A flip is a reflection. A slide is a translation.

viii. Send pattern cards and tangrams home. Encourage families to play, discover, and name transformations at home as they duplicate figures on the cards. Can you rotate the triangle to fit the figure? I saw you slide the rectangle.
ix. Play a transformation game. Give children dolls or stuffed toys and point out the front and back of each toy. Call out directions—flip your doll up, turn your teddy bear on its side—to see if pre-scholars can demonstrate the transformations. After they master flipping the toys, have the children practice with shape pieces.

x. Play Mirror, Mirror. Give each child a single set of pattern blocks and a small mirror. Ask children to create a design with their blocks. Then have them hold the mirror up to each side of the design to see how it appears to be flipped in the mirror.

xi. Focus on a word a week. Introduce the word in English and children’s home languages. Use the word throughout the day in the classroom, in the hallway, and on the playground. You are sitting beside a friend. Place your napkin beside the plate. Stand beside your partner.
xii. Pair positional and shape vocabulary. The clock is a circle. It is beside the door, which is a rectangle.
xiii. Create a book. Invite families to write about a favorite activity using positional words. We drove next to the park, travelled under the expressway, and walked over the bridge. Children can provide the illustrations.

xiv. Use photo examples. Take photos of the children demonstrating positional concepts. Hong is standing under the clock. Add photos and words to the word wall.

xv. Play spatial Simon Says. Give each child in a small group a stuffed animal and play Simon Says using positional vocabulary. Simon Says put your animal above your head. Put your animal under your chair.
xvi. Create positional obstacle courses. Encourage pre-scholar’s use of positional words during play or transitions. Before going outside, climb up the steps, slide down the slide, jump over the cones, and line up next to the door.
xvii. Narrate actions with orientation. Use positional words to describe how the children move from one place to another. You parked your tricks on the playground and next to the window. You walked under the skylight and over the carpet to enter the classroom.


Reflection
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Reflection
	You have just completed working through unit five. Think of what you have learned in this unit and how it would help you broaden your understanding of the, spatial visualization, decomposition and composition of shapes. You can read more about van Hiele model of geometric thought. Based on your reading, think about a geometry activity you would enjoy doing with young children. What would van Hiele be? Are there ways to adapt the activity so that children on both level 0 and 1 could learn from it? Develop one or more activities to challenge children on both levels 0 and 1.


Unit summary
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Summary
	In this unit you learned that:

· historical development of geometry, growth of geometrical thought, spatial visualization, decomposition and composition of shapes.

· You have further learnt about geometry topics for young children such as geometry in the world, positions and paths, three and two dimensional figures, congruence and symmetry. 
· Tucker, K.(2014) Mathematics Through Play in the Early Years .Third Edition Sage publication Ltd, London.
· http://www.classroominterpreting.org/interpreters/children/cognitive/earlyem.asp accessed July, 2019.
  



Unit 10
Developing the Concept of Measurement
Introduction

Measurement is at the heart of so many things that we do. Technically, this is finding the length, height, and weight of an object using units like meters, kilograms, centimeter etc. Also measurement of time falls under this skill area. Measurement enables continuous quantities, those which are not separately countable, to be compared and ordered.

 In this unit the teacher should reinforce the similarity of the measurement processes across the different quantities, especially those quantities where the units are spatially organised (length, area and volume) and units that are not spatially organised such as mass, capacity, time and temperature

Upon completion of this unit you will be able to;
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Outcomes
	· explain that objects have measurable properties
· discuss Comparisons of  process for measurement
· determine an appropriate unit and process for measurement

· apply non-standard and standard units of measurement

· create and use formulas to help count units




The SI system

Measurement is carried out in the metric system.The units of this system are known as SI units. SI is an abbreviation of the French words systeme international d”Unites, which means the international system of units.The SI units was adopted in 1960 by the General conference of weight and measures.

There are six internationally agreed basic SI units for measuring quantities. The basic units for length, mass and time are given in Table 1.
	Quantity
	Basic unit
	Symbol

	length

Mass

time
	Metre

Kilogramme

second


	m

kg

S


Length

Length is a linear concept, answering questions such as how long? How wide?  How high?

Length is usually one of the first measurement concepts learners’ encounters. An understanding of length is crucial, as it is the foundation for building concepts of area and volume. Length can be a property of an object or shape, as in the lengths of the sides of a triangle or the edges of a desk. Length can be a height of a tree or a learner, or it can be a distance, such as from the desk to the door or from the school to the station. 

Activities with non-standard units bridge the gap between comparison work and the introduction of standard units. The non-standard units of measure for length are the natural units of measure, the parts of the body-foot, span, stride and unit models such as paper clips and sticks

Important components of teaching length are estimation, recording and questioning. Learners need to share estimation strategies such as 

A) Using referents or known quantity as a comparison measure, e,g. “the dog is shorter than me “or the seat  is about twice as long as me.”

B) Chunking or breaking a quantity into manageable parts by estimating a distance as several shorter sections (the distance from the floor to the top of the door is about...and the distance from the top of the door to the ceiling is about...)

C)” Unitising”  or subdividing a quantity into smaller equal parts ,such as estimating the height of a ten storey building as ten times the estimate for one storey.

Common text types (procedures, recounts and explanations) can be consolidated and extended by asking learners to write about what they did in measurement. In addition to writing about their findings learners may be asked to draw their method of measuring.

Drawing is seen as a bridge to link the practical activities to diagrams and plans. Drawing the array structure for tessellation of area units appears to assist learners to perceive the rows (and columns) as composite units and it is this perception that enables them to connect side length and area.

Note that when learners have drawn and talked about the structure of an array, then the structure of three –dimensional packing may be grasped more easily
You may be aware that the basic unit of length is a metre and also that the relationship between the most common units is as follows:

	1km = 1000m

1m= 100cm = 1000mm

1cm = 10mm


Table 2
Now let us look at some examples on how you can express the following in the stated SI units.

Examples: 
Express 

(a) 2m in centimetres

(b) 3.2m in centimetres

(c) 3.5cm in millimetres

(d) 2400 m in kilometres

(e) 15mm in centimetres 2m
Solution

(a) 1m = 100cm, therefore 2m= 2m x 100cm = 200m 

(b) 1m = 100cm, 3.2 m= 3.2 x 100cm = 230m

(c) 1cm=10mm, 3.5 cm =3.5 x 10mm = 35mm

(d) 1 km = 1000m, so 1m = [image: image140.png]To00



 km , Therefore, 2400 m =  [image: image142.png]


 km = 2,400km= 2.4km
(e) 15 mm = [image: image144.png]o



 cm= 1.5 cm
Instruction(s): How long?, How wide?, And how high? For instance some of the activities below can be used by a teacher in class.
Activity 1: A teacher plays music and ask the learners to walk around, stop, and stretch to be very tall, then bend, making themselves shorter, and making themselves shorter still by squatting and crouching.

 Activity 2: A teacher asks the learners to hold their arms a little, and then stretch to make themselves wide, wider and wider still.

Area
To measure area we use squares. A square of side 1cm covers an area of 1square centimeter or 1 cm2 (1cm x 1cm). For instance, the area of this page would be measured in square centimeters. 

The area of a football ground would usually be measured in square metres (m2 ), i.e. squares of side 1m.

You will notice that 1cm2 consists of 10 x 10 mm2 = 100 mm2    
The table below gives the common units of area and the relations between them.
	
	Symbol
	In Smaller Units

	Square Kilometre

hectare

Square metre
Square centmetre 
Square millimetre


	Km2

ha

m2 
cm

mm2
	1km2 = 1000m x 1000m = 1 000,000m2 
1 ha = 100m x 100m =10 000m2
1 m2 = 100 cm x 100cm = 10 000cm2 
1 cm2 = 10mm x 10mm =100mm2 



Table 3
Now let us look at some examples on how you can express area or rather calculate area.

Examples: Express (a) 4.5 m2 in cm2  

( b) 245 ha in km2 
Solution 
(a) 4.5 m2 = 4.5 x 10 000m2  = 45 000 cm2 
(b) 245 ha = 2 450 000 m2 = 
[image: image145.emf][image: image147.png]2450 000
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 km2 = 2. 45 km2 
Area is the space covered by an object. Area concepts are much more difficult for children because they require that children consider more than one dimension. How much two-dimensional space is covered (i.e the area) depends on both the height (and length) and the width. However, even pre-kindergarteners are able to understand that although they can measure length with linear tools such as rulers, they cannot directly measure area this way (NCTM 2000). With appropriate learning experiences, they grasp that to measure area they need to use a unit of area such as a square tile.

Instruction(s) for teaching area you can start like: let’s compare! How much is needed? Which one is bigger? Below is an activity which a teacher can give to the learners.
Activity: The teacher may let learners cut small rectangles from squared paper (i.e. 6 by 6 squares, 8 by 8, or 10 by 10. Have them use two or more colours and fill in the squares and make designs. After learners mount their designs on rectangles of coloured paper, have them count their squares of each colour and the total number of squares.

See the diagram illustrating measuring area using non- standard units and comparing area of different surfaces using non-standard units:
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Model the language such as, Joy’s design has an area of 48 squares-20 squares red, 14 squares blue, and 14 yellow
Capacity 
When measuring volumes of liquids, such as petrol, cooking oil and milk, you normally use units of capacity. The basic unit of capacity is the litre.
The table below gives the units of capacity and their relation to the basic unit. 
	1m3  = 1000L
1cm3 = 1 ml
	1L = 1000ml = 1000cm3
	


Although capacity and volume do not receive as much emphasis as other measurement topics in many early childhood classrooms, they have many everyday applications

Capacity describes the maximum amount that can be held by a container such as a bucket, and is often related to liquid measurement. While Volume is the space occupied by a three- dimensional object (its height, width and length) and is often described as the number of cubic units it takes to fill a figure (such as a wooden block) or a container.

Activity 1: You are advised to use the following instruction(s): How much does the container hold? Pour the liquid into a container! Fill it up!

Provide a variety of transparent and translucent plastic containers at a water table or a large tub of water, invite the learners to play with the containers, fill them, and pour from one container to another. Ask learners to talk about what they are doing. Introduce or reinforce words such as empty, full and partly full. Ask learners to compare containers. Which one might hold more? How can you find out?

The diagram below illustrates the concept of capacity as a learner is trying to measure how many cups of beans can be put into a basin. 
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Picture 17: Chalimbana ECE Demo School
Activity 2: You can use the following instruction(s): Pack material into a container! Compare by packing! How many will fit? Fill it up!
Have children choose a number of cubes-perhaps 5 or 10. Challenge the learners to create as many different structures as they can using the cubes they have selected. Let them display all their structures, checking to be sure that various designs are actually different. Discuss real world shapes that resemble the learner’s designs.



Picture 18; https://www.pinterest.com/amaperfect/26-07-2019
Weight

Weight is determined by mass of an object and the effect of gravity on that object. For example, an object that weighs 10kg on earth would have different weight on planet other than earth because of their differing forces of gravity. An objects mass, in contrast is not affected by gravity, it is simply the amount of matter in the object. With young children, comparing the weights of objects to see which one is heavier or lighter should be the primary focus.

Balances provide good measuring tools for comparisons (we know this rock is heavier than that rock because the balance goes down on this side). Scales allow children to put numerical value to a weight (Bwalya weighs six-ty kilograms because the scale shows that number).

Give instruction(s) like: How heavy? How light? The diagram below illustrates a simple balance scale
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Picture 19; https://www.pinterest.com/pin/225602262555961554
Ask learners to lift each other’s objects and compare the weights by hand then use the balance scale to check. Also collect one-two litres empty soft drink bottles. Have learners lift the bottles with water and have them lift the bottles again but without water. Learners will notice that they weigh more when filled than empty. Place a bottle on a spring scale and help the learners add water until the bottle weighs one kilo-gram weights. 

Time

Time unlike other measurement concepts, is not applied to physical objects; rather it is a concept that people apply to events. Time is a bit different from other attributes that are commonly measured in school because it cannot be seen or felt and because it is more difficult for learners to understand units of time or how they are matched against a given period or duration of  time.  Time concerns duration-how long it takes for the events to happen-or the placement of events in longer periods. The concept of time develops purely through experiencing time.

Learners are first exposed to ideas of time by placing events on a continuum of time. Sequence words- before, during, after, first, and last - are used as grade 1’s follow a routine. Times of the day –morning, afternoon and evening-may be defined by events such as meals, storytelling time etc. The lesson plan illustrates how you can teach in a formal and an informal way. You can give Instruction(S) like: how long does it take?

It is possible to make various calendars, such as DAY CALENDAR to illustrate events of the day as they are passing. Below we have an example of the day calendar.
DAY CALENDAR 
 
Picture20;https://pocketofpreschool.com/preschool-daily-schedule-and-visual/26/07/2019

WEEK CALENDAR
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Picture21  https://i.pinimg.com/736x/60/61/af/6061afae9094e9e62ead59505f39cb8b.jpg
The diagram below illustrates a Countdown calendar. The teacher should ask learners to pop balloons as events are passing.

COUNT DOWN CALENDAR
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Picture 22:https://starskills.com.au/author/ruthie-chant/ 25-07-2019
Temperature

Temperature too should be taught in the context of the young child’s world. Hot, warm, cold and freezing are temperature words that may describe the temperature of food, the weather or even a child’s warm or cool forehead

Thermometers can be taught as vertical number lines

You can give instructions like: How warm?, How cool?

Commercial Arithmetic 

Money is any medium of exchange that can be used to pay for goods and services and to measure the value of things. Currency is a term for a country's money in circulation—that is, coins and bills.
The two main skills that children need to know when it comes to money—and the earlier, the better—is being able to identify money and being able to tender money and make change. They probably won't learn these skills in school, either because the primary focus in most schools is math, not money. One expert suggested that kids can start to learn about money as soon as they're old enough to know not to put it in their mouth—you know your child better than anyone, so you know when you can start. Certainly, by the end of the first few grades in elementary school your child should have mastered counting money and making change
Activity
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Activity
	Q1.How can you teach perimeter and area of plane shapes in early childhood? 

Q2.Explain some of the activities that a teacher can devise to bring out the concept of perimeter and area of plane shapes

Q3. Ask learners to water play with tubs of warm water and water with a few ice-cubes added. Let learners walk around the school, feeling the cool sides of the metal filing cabinet, touching a sunny window still, and handling a package of frozen food from the freezer. Let learners write a group story about their experience. Ask learners to look for things that are used for heating and cooling or using thermometers. Ask learners to make temperature collages with pictures to suggest temperature.

Q4. Use a book that features week day names or seasons. Let the learners make a book that features events that took place over a long period of time, review the books page and name the months, asking the learners to recall special events and to identify their birthday months. The teacher can further make the following calendars:
	 


Reflection
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Reflection
	Have you ever thought of other ways of helping learners to develop the concept of measurement? Discuss some ways with your friends and write them in your notebook.

 You can also choose a measurement attribute you feel less comfortable with-perhaps volume or angles. Read about enhancing children’s knowledge of that attribute. Plan and implement activities with children. Seek the children’s reactions to the experience. What did they learn? What did they like about the activities? What more could they explore? 




Unit summary
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Summary
	In this unit you have learned 
· about the meaning and process of measuring  
· how to find perimeter and area of plane shapes.
· Further you have learnt on how to develop measurement thinking, exploring measurement attributes such as length, area, capacity, volume, weight, time, temperature and angles in young children.
Diezmann, C., & Yelland, N. J. (2000). Developing mathematical literacy in the early childhood years. In Yelland, N.J. (Ed.), Promoting meaningful learning: Innovations in educating early childhood professionals. (pp. 47–58). Washington, DC: National
National Institute on Early Childhood Development and Education. Retrieved on May 11, 2018 from https://www2.ed.gov/pubs/EarlyMath/title.html offsite link Acessed on 21st/06/2019.
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